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B'CED	FHGJILK

M�NPORQTSVUWSXOZY\[�]:^`_bac^`dfeg^hd�iVjlkmdfe�npoWqr]:q�k@iVdfs'n�]7ktefot_�d�s's�acovuw]:q�kmd�s

A =

(
1 2
3 −4

)

B =





1 2 −3
4 −5 4
3 2 1



 C =







1 0 −2 1
−2 3 0 1
1 4 2 3
−2 0 4 −2







.

M�NPORQTSVUWSXO+xzy"{:otk
(a, b) ∈ R

2 | _}]:^`_bac^`dfe�^hd�iRjbkmdfefnHoWqr]:qrk i�~ {:e�i:e}d n
sfaRoWuT]:q�k

det















a + b ab 0 · · · · · · 0

1 � � � � � � � � � ���
0 � � � � � � � � � � � � ������ � � � � � � � � � � � � 0

��� � � � � � � � � � ab

0 · · · · · · 0 1 a + b















y"{:otk
α ∈ R | α 6≡ 0 [π] ��� {:q�kte}dfeg�ba�d�^`dHiVjbkmdfefnpovq"]:q�k@i�~ {7e�i:e�d n

s�acovuw]:q�k�uwjfefo �@d

det















2 cos α 1 0 · · · · · · 0

1 � � � � � � � � � ���
0 � � � � � � � � � � � � ������ � � � � � � � � � � � � 0

��� � � � � � � � � � 1
0 · · · · · · 0 1 2 cos α















=
sin(n + 1)α

sin α
.

M�NPORQTSVUWSXO���[�]:^`_bac^`dfeg^hd�sgiRjbkmdfefnpovqr]7q�kWsJs�acovuT]7q�kWs

det








1 a1 a2
1 · · · an−1

1

1 a2 a2
2 · · · an−1

2��� ��� ��� ���
1 an a2

n · · · an−1
n








det








1 cosα1 · · · cos(n−1)α1

1 cosα2 · · · cos(n−1)α2

��� ��� ���
1 cos αn · · · cos(n−1)αn








��{:aReg^`d��re�dfnpo�dfe | {:q��6{:ace�e�]��l]X_lk�{:efo�s�dfe	^hd��6{:^��wq"�:n�d P (X)
{V�bkmdbq�a+dfq�e�dfn��r^`]7��]7q�k

an
�6]:e

X ���{:aReg^`d	sld�_}{:qri | {:q��6{:aRefe�]0_}{:npn�dfqr_�dfe���]:eHjbk�]R�f^�oWe	^�~ j��X]7^�otkmj
cos nα = 2 cos(n−1)α cos α − cos(n−2)α

iX{:q�k�{7q�iVj�i:acoWk��ba�~ oW^Ed��:ovsfkmdJacqp��{:^��:qr�:n�d
Pn ∈ Zn[X]

iVd'iVj��:e�j
n | iRd'_}{�dt��_bo�dbq�kLiV{:npovqr]:qrk 2n−1 dbk�kmdf^E�ba�d

cos nα = Pn(cos α)   �6{:^��:qr�:n�d�sgiVd0¡�_f¢�d��b�X_f¢�dfu�£ �
¤



M�NPORQTSVUWSXO¦¥§y"{:otk
(a0, · · · , an−1) ∈ C

n �©¨ q���{ws�d ω = e2iπ/n dbk
P (X) = a0 + a1X + · · · + an−1x

n−1 �� {:q�kte�dfe	^�~ j��X]:^�oWkmj







a0 a1 · · · an−1

an−1 a0 · · · an−2

��� ��� ���
a1 a2 · · · a0








︸ ︷︷ ︸

=A

×








1 1 · · · 1
1 ω · · · ωn−1

��� ��� ���
1 ωn−1 · · · ω(n−1)2








=








P (1) P (ω) · · · P (ωn−1)
P (1) ωP (ω) · · · ωn−1P (Ωn−1)

��� ��� ���
P (1) ωn−1P (ω) · · · ω(n−1)2P (ωn−1)








ª@q+iRj�i7aRoWe�dg^hdHiVjbkmdfefnpovqr]7q�k iRd
A �M�NPORQTSVUWSXO+«¬[�]:^`_bac^`dfeg^hd�iVjlkmdfe�npoWqr]:q�k@iVdfs'n�]7ktefot_�d�s

A =





1 2 3
0 2 3
0 0 4



 B =









1 2 3 4 5
2 3 4 5 6
0 0 3 4 5
0 0 0 4 5
0 0 0 5 6









C =











1 2 3 4 5 6
1 2 3 4 5 0
1 2 3 4 0 0
1 2 3 0 0 0
1 2 0 0 0 0
1 0 0 0 0 0











M�NPORQTSVUWSXO�®y"{:otk
(A, B, C, D) ∈ Mn(R) ��� {:q�kte�dfe��ba�d	sfo A d�sbk�ovq�u:dfe�s�o��f^`dH]7^¯{:e�s

(
In 0

−CA−1 In

)

×

(
A B

C D

)

=

(
A B

0 D − CA−1B

)

ª@q3iRj�i:acoWe�d°�ba�d�sfo
A
dbk

C
_}{:npnpa�kmdfq�k | ]:^`{:e�s det

(
A B

C D

)

= det(AD − BC) � [�{:q�s�otiRjfe�dfe�^`d°_�]ws A =

D =

(
0 1
1 0

) dlk
B = C =

(
0 −1
1 0

)

�
M�NPORQTSVUWSXO²±³[�]:^`_bac^`dfeg^�~ oWq�uwdfe�sldHiVdg^¯]´n�]Xkte�o�_}d 



1 1 0
0 1 −1
1 −1 0



 �
M�NPORQTSVUWSXO�µ®y"{:otk

A ∈ Mn(K) � [�]:^`_bac^`dbe¶^hd¦iRjbkmdfefnpovqr]:qrk   e�d�s�� � ^`d�e�]:qR�f£©iVd�^¯]·_}{:n�]7ktefot_�d�iVd
A
dbq�b{:qr_�ktot{:q+iRd�_�df^�aRo@iVd

A � [�]:^¯_laR^hdfe Com(Com(A))
dbk

Com(A × B)
dfqH�l{:qr_lkto�{:q+iVd

Com(A)
dbk

Com(B) �
M�NPORQTSVUWSXO�¸�[�]:^`_bac^`dfeg^hd	e�]7qR�°iVd

A =







1 0 1 −2
0 1 1 1
−1 0 −1 2
1 1 1 0





 �

M�NPORQTSVUWSXOZYc¹ � {7q�kte�dfeº�la6d²^�~ dfq6s�dfn��f^hd²iRd�s�n�]7ktefo�_}dfs�ovq�uwdfe�s�o��f^hd�sZd�sfk�iVdbq6sldZiX]:q6s Mn(R)   e�d�s�� � iX]:q6s
Mn(C)

£ �M�NPORQTSVUWSXOZY�Y»y"{7oWk
0 ≤ r ≤ n

dlk
K = R

{7a
C ��� {:q�kte�dbe¼�ba�d¼^�~ dfq�sldfn��f^hd'iVd�s�n�]7kte�o�_�d�s¼iVd Mn(K)

iVd�e�]:qc�s�a���jfefo�dfaRe   e}d�s�� � oWq���jfe�o�dfacem£�½ r
d�sfkLacq�{:acuwdfebk   e�dfs�� � acqg��dfefn�j¾£�iRd Mn(K) �g¿ aL~ dfqºd�sfk�ktÀmoW^PiVd'^�~ dfq�sldfn��f^hdiVd�s	n�]Xkte�o�_�d�sgiVdge�]:qc�0j��X]:^A½

r Á
M�NPORQTSVUWSXOZY�x¬[�]:^`_bac^`dbe	^`]°i:o Â�jfe�dfqrkto�df^v^hdpiVdg^�~ ]��X�r^�o�_�]Xktot{:q

det : Mn(R) → R �M�NPORQTSVUWSXOZYc�®y"{7oWk
P
acq��r^`]:q²dfa6_b^�o�i:o�dfq+npacq�o�i�~ aRq�e�d>�6Ãfe}dJª�a�_b^�o�i:o�dbq

(0,~i,~j)
dlk

A(2, 3) | B(1, 5) | C(2, 7)kte�{:o�s@�6{:oWq�kWs	iVd
P � [�]:^`_bac^`dfeg^�~ ]:oWe�d�i:a�ktefot]7qR�:^hd [A, B, C] �

Ä



M�NPORQTSVUWSXOZYR¥ ¨ qÅnpaRq�otk R3 iVd¶sb{:qÆ{:e�o�dfq�k�]Xktot{:qÆ_}]:qr{:q�o��ba�d �ÆÇ ]3��]ws�d¶s�acovuw]:q�kmd








1
2
3



 ,





2
3
4



 ,





4
5
6









d�sfktÀ�df^v^hdpi:ove�d�_lkmd Á
M�NPORQTSVUWSXOZY�«zy"{7oWk

P
aRq��r^`]:q�]È�Éqd@dbk

(A, B, C)
kte�{:ovs"�6{:oWq�kWs�]È�Éqdfn�dfq�kWsL^�o��fe�d�s@iVd

P �¼¨ qpqr{7kmd (αM , βM , γM )^`d�s'_}{�{:e�iX{:q�qj�dfs	��]:ef�X_}dfqrkte�o��ba�d�s	iRdJk�{7ack"��{:oWq�k
M ∈ P

�6]:e¼e�]��V��{:ebkL½
(A, B, C) �	¨ q¶nHacq�otk P i�~ aRqp�re�{�i:acotksb_}]:^¯]7ove�d

h �g¨ q�uT]�n�{:qrkte�dfeg�ba�dgs�o M ∈ [A, B, C] | ]:^`{:e�s
αM =

Volh[M, B, C]

Volh[A, B, C]
βM =

Volh[A, M, C]

Volh[A, B, C]
γM =

Volh[A, B, M ]

Volh[A, B, C]

¨ q-�6dback°_�{7q6s�o�iVjfe�dfeZ�la6d (P, h)
dfsfk�aRq-�r^`]:qz_�{:qrkmdfq�a»iX]:q6s+acqzd�sm�6]X_}d3dfa6_b^�o�i:o�dfq

(ER
3) �Ê¨ qËqr{7kmd

HaRqº�6{:oWq�k	iVd
E
s�otkta6j0s�ace0^`]°�6dbe���dfqri7ot_bac^`]:ove�d�½

P
��]ws�sb]:qrk �6]:e

M
dlk	kmdf^��la6d

|HM | = 1 ��� {:q�kte}dfeÌ�la6d
V ol[H, M, B, C] = α Vol[H, A, B, C] � ª@qºiVj�i:acove�d�^`dge�j�sfaR^¯k�]7k �M�NPORQTSVUWSXOZYc®y"{7oWk

A
dbk

B
iRdfa:�²jf^hjfn�dfq�kWs´iRd

Mn(R) �Z¨ q©s�a��X�6{wsld0�ba�~ oW^ d��:o�sbkmd P ∈ GLn(C)
kmdb^v^`d0�ba6d

B = P−1AP �p¨ q+qr{7kmd Q
dlk

R
^hd�sgn�]7kte�o�_�d�s�iRd

Mn(R)
kmdf^v^hd�sH�la6d

P = Q + iR �¼� {:qrkte�dfe��la6d���{7aRe�k�{7ack
z ∈ C | {:qº]

Q × B = A × Q, R × B = A × R
dlk

(Q + zR) × B = A × (Q + zR).

� {:q�kte�dfe��ba�dg^`]��l{:qr_lkto�{:q
f : C → C

z 7→ det(Q + zR)d�sfk�acq��6{:^��:qr�7n�d	q"{:q¦q�ac^ � ª@qºiVj�i:aRoWe�dp�ba�~ oW^Íd��7o�sbkmd P ′ ∈ GLn(R)
kmdf^v^hdH�ba�d

B = P ′A(P ′)−1 � WÎ ackte}dfn�dfq�k�i:oWk | iVdfs¶n�]7ktefo�_}dfs¶e�j}df^v^hd�s�sb{7q�kH_}{:q�Ïfa:�Rj�dfs+iX]:q6s Mn(C)
s}s�oHdf^W^`d�s�sb{:q�kp_}{:q�Ï�a7�:a�j}d�sºiX]:q6s

Mn(R)
£ �

Ð


