Program of the Cours Poupaud

Four lectures on “ODEs with rough coefficients and hyperbolic systems of conservation laws”

One lecture on “Rigidity estimates for almost umbilical surfaces”

Camillo De Lellis, Universität Zürich Nice, March 2006

Wednesday Afternoon Lecture 1. Three questions of Bressan on ODEs and hyperbolic systems of conservation laws

Consider the following hyperbolic system of conservation laws

∂_tu^i +^m ∑ α=1 ∂_{xα} (g^α(|u|)u^i) = 0

u^i(0, ·) = u^i(·) (1)

where u = (u^1, . . . , u^k) : R^+_t × R^m_x → R^k is the unknown vector map, u = (u^1, . . . , u^k) the initial data, and g^α : R → R are given (sufficiently smooth) scalar functions. Besides arising in some physical models, (1) (called Keyfitz and Kranzer system) is an example of multidimensional system of conservation laws which has many features, but which still (generically) develops singularities in finite time

Motivated by the study of system (1) and, more in general, of hyperbolic systems of conservation laws in more than one space dimension, Alberto Bressan raised three interesting questions on ODEs with rough coefficients.

In this lecture we will survey on recent results on global well–posedness and ill–posedness of the Cauchy problem (1) and on related progress about Bressan’s questions._1

Thursday Morning Lecture 2. The Ambrosio Renormalization Theorem and the Keyfitz and Kranzer system

In a recent groundbreaking paper, Ambrosio succeeded in extending the DiPerna–Lions theory of transport equations with Sobolev coefficients to BV coefficients whose divergence is in L^1. The core of his result is a new Renormalization Theorem.

In this lecture we will state this theorem and give some ideas about its proof. Then we will apply it to show that, for a suitable notion of solution, the Keyfitz and Kranzer system enjoys global well–posedness in the space X = {u ∈ L^∞(R^m, R^k) : |u| ∈ BV_{loc}} (a result joint with Luigi Ambrosio and François Bouchut).

Then we will address the question whether it is possible to find well– posedness for the Keyfitz and Kranzer system in more “classical” function spaces. In particular:

• We will show examples in which (1) is ill–posed in the L^∞ setting (a result of Alberto Bressan);

• We will explain why in 3 space dimensions (1) is well–posed in BV only when g is a constant, i.e. when the system reduces to k decoupled transport equations with constant coefficients (a result of mine).

Thursday Afternoon Lecture 3. Rigidity estimates for almost umbilical surfaces

Consider the following classical rigidity theorem:

Theorem 1. Let Σ ⊂ R^3 be a smooth compact connected surface of R^3 without boundary. If its principal curvatures coincide at every point, then Σ is a round sphere.

Denote by A the second fundamental of Σ (considered as a (1, 1) tensor) and by Å the tensor A−^{tr A}_2 Id. Then Theorem 1 can be restated as: If Å = 0, then Σ is a round sphere, and therefore A = λId for some constant λ. Motivated by problems arising in General Relativity and Geometric Flows, Huisken asked whether inequality (2) below holds. In this lecture we will present the following result, contained in two joint works with Stefan Müller:

Theorem 2. There exists a universal constant C such that

min_λ ‖A − λId‖_L2_{(Σ)} ≤ C‖Å‖_L2_{(Σ)} (2)

for every smooth surface Σ ⊂ R^3 connected, compact, and without boundary. If, in addition, ‖Å‖^2_{L2(Σ)} ≤ 4π and ar(Σ) = 4π, then there exists a conformal parameterization ψ : S^2 → Σ and a vector c_Σ ∈ R^3 such that ‖ψ − (c_Σ + id)‖_W 2,2_{(S}2_) ≤ C‖Å‖_L2_{(Σ)} , (3)

where id : S^2 → R^3 denotes the standard isometric embedding.

Moreover, if we denote by h the conformal factor of the metric on Σ (that is, h > 0 and ψ_#σ = h^2σ, where σ is the standard metric on S^2), then ‖h − 1‖_C0_{(Σ)} ≤ C‖Å‖_L2_{(Σ)}.

Inequality (2) is scaling invariant and one can check immediately that, if we replace the exponent 2 with a different one, this invariance is lost. However 2 is sharp for a deeper reason: Indeed one can show that for every p < 2, the corresponding inequality is false even at a fixed scale. In the lecture we will also mention recent related results of Metzger on foliations by mean curvature spheres and their applications to General Relativity.

Friday Morning Lecture 4. Bressan’s Compactness Conjecture

Motivated by the study of the Keyfitz and Kranzer system, Bressan raised the following compactness conjecture:

Conjecture 3 (Bressan’s compactness conjecture). Let b_n : R_t×R^m_x → R^m, n ∈ N, be smooth maps and denote by Φ_n the solutions of the ODEs: d dt Φ_n(t, x) = b_n(t, Φ_n(t, x))

Φ_n(0, x) = x . (4) Assume that ‖b_n‖_∞ + ‖∇b_n‖_L1 is uniformly bounded and that the fluxes Φ_n are nearly incompressible, i.e. that

C^{−1} ≤ det(∇_xΦ_n(t, x)) ≤ C for some constant C > 0. (5)

Then the sequence {Φ_n} is strongly precompact in L^1_{loc}.

Though we have been able to approach the Keyfitz and Kranzer system bypassing it, Conjecture 3 remains an interesting and challenging problem in the theory of ODEs with rough coefficients.

In this lecture we will present a Renormalization Conjecture advanced in a joint work with Luigi Ambrosio and François Bouchut, which would yield a robust renormalization theory for transport equations with nearly incompressible BV coefficients (and in particular would imply Conjecture 3).

Then we will present positive answers to some cases of this Renormalization Conjecture (joint work with Luigi Ambrosio and Jan Malý). These resulys build on a work of Luigi Ambrosio, Gianluca Crippa and Stefania Maniglia on trace properties for solutions to transport equations.

Friday Afternoon Lecture 5. A direct lagrangian approach to ODEs with Sobolev coefficients and Bressan’s closure problem

Motivated by going beyond the Keyfitz and Kranzer system, in this lecture we will address two further questions of Bressan. The first one concerns the possibility of recovering the conclusions of the DiPerna–Lions theory for ODEs with Sobolev coefficients in a direct “lagrangian” way, showing estimates in appropriate function spaces. This is indeed possible for coefficients in W^{1,p} with p > 1, as we show in a forthcoming joint work with Gianluca Crippa. We will discuss the basic idea behind these new lagrangian estimates for ODEs, inspired by a paper of Luigi Ambrosio, Miriam Lécumberry, and Stefania Maniglia on differentiability properties of the DiPerna–Lions flow.

The second question concerns the possibility of finding an appropriate function space, containing the space of BV functions, and where one can solve recursively transport equations. In another joint work with Gianluca Crippa we answer negatively to this question, building on an elegant example of DePauw.

References

[1] L. Ambrosio Transport equation and Cauchy problem for BV vector fields.

Inventiones Mathematicae, 158 (2004), 227–260.

[2] L. Ambrosio, F. Bouchut, C. De Lellis Well–posedness for a class of hyperbolic systems of conservation laws in several space dimensions. Communications in Partial Differential Equations 29 1635–1651 (2004) [3] L. Ambrosio, G. Crippa, S. Maniglia Traces and fine properties of a BD class of vector fields and applications. Preprint, 2004 (available at http://cvgmt.sns.it).

[4] L. Ambrosio, C. De Lellis Existence of solutions for a class of hyperbolic systems of conservation laws in several space dimensions. International Mathematics Research Notices 41 2205–2220 [5] L. Ambrosio, C. De Lellis, J. Màly On the chain rule for the divergence of BV like vector fields: applications, partial results, open problems. To appear in Perspectives in Nonlinear Partial Differential Equations: in honor of Haim Brezis Preprint available at http://cvgmt.sns.it/papers/ambdel05 [6] L. Ambrosio, M. Lecumberry, S. Maniglia Lipschitz regularity and approximate differentiability of the DiPerna–Lions flow. Preprint, 2005 (available at http://cvgmt.sns.it).

[7] A. Bressan An ill posed Cauchy problem for a hyperbolic system in two space dimensions. Rend. Sem. Mat. Univ. Padova, 110 (2003), 103–117.

[8] G. Crippa, C. De Lellis Oscillatory solutions to transport equations. To appear in Indiana Univ. Math. J. Preprint available at http://cvgmt.sns.it [9] G. Crippa, C. De Lellis Estimates for transport equations and regularity of the DiPerna–Lions flow In preparation [10] C. De Lellis Blow–up of the BV norm in the multidimensional Keyfitz and Kranzer system Duke Mathematical Journal 127 313–339 (2005) [11] C. De Lellis Notes on hyperbolic systems of conservation laws and transport equations In preparation [12] C. De Lellis, S. Müller Sharp rigidity estimates for nearly umbilical surfaces Journal of Differential Geometry 69 (2005), No. 1, 75–110.

[13] C. De Lellis, S. Müller A C^0–estimate for nearly umbilical surfaces. To appear in Calc. Var.

Preprint available at http://cvgmt.sns.it [14] Depauw, N. Non–unicité du transport par un champ de vecteurs presque BV.

Sémin. Équ. Dériv. Partielles, Exp. No. XIX, École Polytech., Palaiseau, 2003. [15] R. J. Di Perna, P. L. Lions Ordinary differential equations, transport theory and Sobolev spaces. Invent. Math., 98 (1989), 511–547.