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* Lecture 1: From Hopf to Feynman diagrams
* Coproduct
* Hopf algebra
* Twisted product
* Feynman diagrams (with proofs)

* Lecture 2:
* Cumulant expansion
* A new coproduct for connected diagrams
 Structure of Green functions
* Renormalization



Outline of this lecture

Hopf algebras
* Simple examples PROVIDES ALGORITHMS
e Coproduct
e Convolution

Quantum fields
e Classical fields
* Normal products
* Hopf algebra

Twisted products
* Laplace pairing
*  Wick theorem
* Operator and chronological products

Feynman diagrams
* Hopf algebra formula
* Diagrammatic interpretation
* Exponential formula Cargése 2009



Introduction

* Mathematical framework for the combinatorial structure of QFT

 Combinatorics of QFT and statistical physics
e QOperator, chronological and normal products
* Wick theorem
* Feynman diagrams

* Natural Hopf-like constructions
* Vacuum expectation values
* Ruelle product (1969)
*  Wightman, Challifour (1970) and Stora (1973)

* Hopfish intepretation
* Simplifies derivations
* Removes combinatorics
e Used for introducing QFT (Gracia-Bondia)
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Leibniz rule: Let 0 = %

(fg)
0°(fg)

(0f)g + f(0g)
(0°f)g + 2(8f)(dg) + f(9”

How to remove f and g?

(fg)
0°(fg)

(D@ Id+Id®d)(f® g)
(0@ Id+ Id® 0)*(f ® g)

Theruleis: (a®b)(c®d) = (ac) ® (bd)
Coproduct

A
AD*

O0RId+ Id® 0
(0 ® Id+ Id® §)°
P RQId+20R 0+ Id® H?



* On one-body wavefunctions ¢, (r)
L, pn(r)
* Two-body wavefunctions

Pn(r1) ® m(r2) — Pm(r1) ® on(ra)

D, (T, ry) =

(r1,r2) 7

* Angular momentum

(Lz X [d —+ ICZ X Lz)@nm(rl, I'2) — ALZ(I)nm(I'l, I'Q)

* For [? = L2+ Lz + L?we have AL*®,,,,(r1,r2)
AL =1?QId+2L,® L, +Id® L



Families of symmetric functions fn(x1,...,Zy)
Set X = {5131,.. .,Cl?n}
Ruelle's product

(f *g)(X Z fin(D gy x/n(X/1)

ICX
Example

(fxg)(x1,22) = fa(w1,22)g0 + f1(x1)g1(22)
+f1(z2)g1(21) + fo g2(x1, 22)
Coproduct AX = Z I® X/I

ICX
Az, o} ={r1, 22} @ D+ {21} {22} + {z2} R{ 21} + 0 @ {1, 22}



The coproduct of an element is the sum of all the
ways to split this element into two parts

Az, o} ={r1, 22} @ D+ {21} {2} + {z2} R{ 21} + 0 @ {21, 22}

Sweedler's notation

Aa=) an) @ap
Split into three parts (coassociativity)

A?a=) (Daw) @a@) =) an)® (Aag)
Sweedler's notation

2
Aa = Z a(1)(1) ® a(1)(2) ® a(2) = Z a(1) & a(2)(1) @ a(2)(2)
= Z a(1) ® a(2) Q a(3)



* Derivative of a product of three functions

D(fgh) =Y (Dayf) (D(2)9) (Dz)h)

* Example
A0=0R1dRId+1d®0®Id+1d® I1d® 0
d(fgh) = (0f)gh + f(Og)h + fg(Oh)

* Action of a one-body operator on a three-body
wavefunction

Z(O(l) X 0(2) X 0(3))(1)(1'1, I'a, 1'3)

* Examples
AL, =L, QldRId+I1dL,Id+Idx I[d® L,
A’L? = L2°QIdId+Id®L?®Id+Id® Id® L?

+2[dRQ L, L, +2L, Q1d® L, +2L, L, ® Id



An algebra A
A coassociative linearmap A A —- AR A
Polynomial algebra in the variable 0 with unit Id

n

A = (M) =) | (Z) oF @ on*

k=0

Polynomial algebra in the variables L, L, and L,

The algebra of sets is generated as a vector space by
the sets X = {x1,...,z,} with the disjoint union as
a product and the empty space as a unit

For a group algebra Ag = g ® g (diagonal map)



* Forany a,be A
A(ab) = (Aa)(Ab)
* Sweedler's notation
> (ab)ay @ (ab) iy = Y ¥ ayba) ® ag)be)
* Example
AO? = (0QId+1d®0)(0x® Id+ IdR 0)
= 9?QRId+2000+ Id® d?

AJ* = (AQ)" = (R Id+Id@d)" =Y (Z) 6% @ o *
k=0

(0° = Id)



* Anything that you can do with Hopf algebra, you can
also do without it, and the reverse is not true

* Ruelle's product (1969)

* Wightman and Challifour (1970): triple dots for QFT
with a general vacuum

* Stora (Les Houches, 1971)

* Connes et Kreimer (1998 — 2002): renormalization

* Fauser (2001): Wick's theorem

* B., Fauser, Frabetti, Oeckl (2004): chronological product



* Averyold and natural idea

* Gupta, Phys. Rev. 107 (1957) 1722
* Quantum fields as deformations of classical fields

* Dito J. Math. Phys. 33 (1992) 791
* Hirshfelder & Henselder Ann. Phys. 308 (2003) 311
* Nonlinear evaluation functionals (Dutsch and Fredenhagen)

* D & F Commun. Math. Phys. 219 (2001) 5
* D & F Commun. Math. Phys. 243 (2003) 275
* D & F Rev. Math. Phys. 16 (2004) 1291



* Product of fields at a point
o™ ()™ (@) = " (@)
* Coproduct of fields at a point:
Ap(z)=pr)®1+1Q p(x)

n

20" =3 ()@ @ ¢ Ha)

k=0
» Graphical notation for ¢°(x)

A)w\:/!}\®i—l—3/;c\®i+3i®/53\+gj®/a‘;\



For normal products of fields the vacuum expectation

(0™ (2)]0) = (0]:¢™(2):|0) = dn,0
The counit is defined by
g(gpn(gj)) : 5n,0

The counit € of a Hopf algebra A is a linear map from A

to C such that
>_elaqy)ae) =2 an)elap)) = a

Example



A Hopf algebra is an algebra A with unit 1 and with

A coassociative coproduct A : 4 — A® A whichis an
algebra morphism

A counit € : A — C such that
>_elawy)a@) = 2_amelap) =a

The counit is an algebra morphism
e(ab) = e(a)e(b)

An antipode S : A — A
> Slany)ae) = > am)S(aw)) = ¢c(a)l



Hopf algebra

Heinz Hopf (1894 - 1971)
constructed the first one (1941)

Armand Borel (1923 - 2003)
coined the name (1952)

J

_m
. . B\
Pierre Cartier

connected cocommutative bialgebra (1955-6)

John W. Milnor and John C. Moore
connected bialgebra (1959-65)

Bertram Kostant
modern sense (1966)

Giancarlo Rota (1932 - 1999)
applied it to combinatorics (1979)
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« A is the polynomial algebra generated by the fields at a
finite set of distinct points

* The coproduct IS

NG = 2 () ()

J1=0 Jk=0
90]1(371) Spjk(xk) ®¢ 1-]1(331)...@7%—]1@(.%]{)

°* The counit satisfies
8(90”1 (CIZ‘l) c o g&nk (xk)) — 577,1,0 c o 57%,0

* The antipode
S(m (1) - " () = (— 1) () " ()



* The dual A* of a Hopf algebra A is a Hopf algebra

e The coproduct in A* is defined from the product in A
(Aa*,b® c) = (a*, bc)

* Exemple: dual of the product of integers
* What is A6™ ?
* For any integers 7, 7, (A6™,i® j) = (67,1i7)
* We need 77 = 6
* Thus, AG* =1"®R6*+2"®R3* 4+ 3" R2*+6"Q 1*



The product in A* is defined from the coproduct in A
(a*b*,c) = (a* @ b*, Ac) = Y (a*,c1))(b",c2))

n

Example AO" — (Aa)n _ Z (Z) 8k R an—k
k=0

(0i079,8m) = S (1)(0" © 8%, 05 @ ™ F) = 8,045 (7)
Thus, 8% = ("17)9*(i+)

The unitis (1*,a) = ¢(a)

The counitis £*(a*) = (a*, 1)

The antipode is (S*(a*),b) = (a*, S(b))




For the kind of Hopf algebra that we consider, a Laplace pairing is
a bilinear map (\) : A ® A — C suchthat, for a,b,c € A

(able) =) (aleq))(ble)
(albe) = ) (a@)lb)(ag)lc)
In particular (a|1) = (1]a) = €(a) (Sﬁn(flf)‘l) = On,0

Very natural object: bicharacter (Borcherds), coquasitriangular
structure (Drinfeld), a braiding (Hodges), an R-form (Jacobs), a
universal r-form (Schmugden), a duality pairing (Majid), a Hopf
pairing (Brown Goodearl)

For fermionic variables, these relations are equivalent to the
Laplace identity of determinants



* The Laplace coupling can be written in terms of

(p(@)|e(y) = g9(z, y)
* We use the rule (a|bc) = > (aiy|b)(a )
Ap(z) =1 p(x)+ p(z)® 1
(p@)e@)e(2) = (Le()) (p@)]e(2) + (e@)le(y)) (Le(2))
(p(@)|e(y)p(2)) =0
e Similarly Ay?(z) = 1® ¢?(x) + 2p(z) @ p(x) + p?(x) ® 1
(P (@)]e(W)e(2)) = 2((@)le®)) (¢(@)le(2) = 29(x,y)9(x, 2)
* More general example

(@™(@)]0"(y)) = Omnn! g™ (x,y)



We want to prove (¢™(x)[¢"(y)) = dmnn! g"(x,y) by

induction

Thisistrueforn=m=1

Thisis trueform =1andalln > 1

(e()|e™ ()

(¢

0

This is true for all m and n

("™ (@)™ (y))

> (Z) (e@)le" W) (™ (@)le" " (y))

k=0
n(o(@)|e®)) (€™ @)]e" ()
ng(z, y>5n,m+1 (n — 1>!gn_1 (z,9)

(@)™ () (Le(y)) + (1e™@) (e(@)]e(y))



* For a,b € A we define the twisted (or smash or circle)
product by

aob="> (amlba)) a@)de)

* Example
Ap(z) =1 p(z) + ¢(z) 1, Ap(y) =1 & ¢(y) + ¢(y)
p@)oply) = (11)e(z)e(y) + (o(x)1)e(y)
+(1e(y))e(z) + (e(@)]|e(y))1
() o ply) = p(z)p(y) + g(z,y)

* Other examples
p?(7) o p(y) = ¢*(2)p(y) + 29(x,y) p()



If g(z,y) = (0|T (p(x)e(y))]0) (properly regularized), the
twisted product is the (commutative) chronological (or
time-ordered) product

If g(x,y) = (O]e(x) - p(y)|0) (properly regularized), the
twisted product is the (honcommutative) operator
product

The twisted product is associative. Therefore, the
(unrenormalized) time-ordered product is associative

Iterated chronological product 7: A — A
T(¢"(2)) = ¢"(2)
T (o™ (1) ... o™ (xx)) = @™ (z1) 0 -+ 0 O™ ()



* The S-matrix
S = T(e_lv‘fdx‘:oél(x))
* Perturbative expansion of the S-matrix

S:1+Z( IZ‘)
k=1 ‘

/dwl . dka(g04(£E1) . 804(33k))
* Green functions

OIT (so(@)p(y)e ™ 42" ) o)

el = 01510}




* In the QFT notation (Epstein-Glaser)
T(e™ (z1) ... 9™ (zx)) = Z Z (Zi) (nk> <O}T(g0p1 (1) . ..gpp"’(:ﬁk))’0>

p1=0 pr=0 Pk
SOTL1—]91 (331) o gpnk_pk (xk)

* Hopf calculation:

QT @) o) 0) =it T TT 220™

where M = {m,;} runs over all symmetric nonnegative

integer matrices with zero diagonal such that » m;; = p;
J



* The Hopf algebraic translation of

(e o). = 33 () () e e )0

p1=0 pr=0

SOTM —P1 (371) o gpnk —Pk (xk)

* We have
* T(p™ (21). .. " (ax)) = 9" (21) 0 - - 0 " ()
* (0]al0) —6( )
* Ap™ (z1) - > Z( ) ()

J1=0 Jr=0
S0]1 (55'1) Spjk<xk:) ®¢n1—31<x1)...¢nk—3k (xk)

* This gives us

CLlO.HOCLk:Zs(af%l)O'°'Oa/](€]_))a’:(l2)°°°a’](€2)



* We prove alo-“OakZzg(ah)O"‘Oal(cl))aé)”'al(z)

* We show that, for a,b € A, e(aob) = (alb)

e(aob)

> (e lbay) ela@be) = Y (e lba)) e(a@)e(be)
(Z%)ﬁ a(2) |Zb<1>8 (be2) ) (alb)

* We show thatAaob =73 a) o by ® a)be

Aaob

> (a@)lba)A ag)be
D> (a)lbwy) a@yaybe)a) ® aey@be)e)
D> (ammlbamay) amy@baye) © ae)be)
D> aq) ©bay ® ag)be)



Proof of Aa'o---0a” =3 a0 - 0afy ®ag, - af,

True for k£ = 1by definition of the coproduct

If true up tok, put U =a' o---o0a”

AUod"! =3 Unyoag ® Uzag)

Proof of a'o---o0a" =3 e(agy) o oafy)agy) - afy
True for kK = 1 by definition of the counit

If trueupto Kk, put U =a'o.---0d”
k+1 k+1 k+1 k+1 k
Uoa™ = 3 (Unla(i) Uaai)' = 3 (Un) o aif) Unyagy'

1 k41 1 k+1
= ZE(“<1>O"'O‘L<1+> )a’<2>““’f<2+>



Hopf algebraic translation of
O|T (¢ (1) ... ¢ (2x))]0) = pal ..ot Y]] 5’%»5’33

M 1<i<j<k
The left hand side is e(a! o - -- 0 a®)

Examples e(aob) = (ald)
e(aoboc) =) (awlbw)law@lem)(belee)
e(a' oa’od®oa") = ) (al,lal,)(aly,lal,)(al,lal,)
(@t lagy ) (atylag, ) (agylag,)
Iterated coproduct A*—2q = Z a1y @+ ® a1
The general case ¢(a' o => 1 (afj_plaly)

1<i<y<k



k—1 k
* Proof of e(a' o---0a®) => "|[ ][ (a{;_vlafs)

i=1 j=i+1
* Truefork=2,letU =qlo---0aF
€(U ) Cbk—i_l) = (U|ak+1) = Zg(U(l))(U(Q)‘ak+1)
= > elafy o oafyy)(ap - - afyld*)
k

— Ze(a%l) 0.0 a](fl)) (a(g2)|al(€$1)

k—1 k -
(wod) = YT T (el ol

Q
—

S

k
) q k+1
) 11 (@fiylags™)
=1 j=i+1 g=1
k—1 k41

7 ) k k+1
— ZH H (a(j—1)|azi)>(a(k)|a(l$>

i=1 j=i+1



Iterated coproduct

l
Ak—ngp(a?) = Z D pt (g;-) Q- Q k-1 (:13)
g1+ +qr—1=p Q1! Tt ka—1!

Let U = P (1) 0 - O@p‘“(fck)

=) = Z(H ik 1)1_[ H P @)l )

Q =1 q'il 1=1 3=1+1
The k x (k — 1) matrix Q satisfies ¢;1 + - + qir—1 = p;

We use (Spqij_l(xi)lgpqﬂ(xj)) — 5q@'j—1,jSqj7;!gq‘ji (x’hxj) to
transform @ into the symmetric k& x £ matrix M

SHEEES

X O e
S e e



* For (0|T(¢°(2)¢° (1)$%(2))0)

* The matrixis M = (

N O
_ O DN
O = =

)

o (0|T(¢°(2)9° (y)9*(2))[0) = 369(x,y)*g(z, 2)g(y, 2)

* M is the adjacency matrix of the Feynman diagram

x Yy
e
<



* For X = (0| (¢*(z1)0*(w2)¢” (24))0)
o X = 4g(x1,24)%g (

(€, 23)° +16g(21, 23)g(w1, £4) (T2, 23)g (22, 24) + 4g(21, 73) g (22, 24)

+16g (21, 22)g(x1, £4)9(22, €3)9(@3, T4) + 16g(21, 22)9(21, 23)g(%2, T4)g(23, T4)
+4g(x1, 22)%g(x3, T4)

* Feynman diagrams

1 T2

-0 XX O X 2

* All these results are obtained without combinatorics
(i.e. counting) whatsoever




Get Feynman diagrams with the proper combinatorial
factors in 90 minutes (including an introduction to Hopf
algebra)

Formulas valid for time-ordered as well as operator
products

Combinatorics is replaced by straightforward algebra

Expressions are valid in any order of perturbation
theory

Noncommutative analogues



