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Toy Model

Toy Model

Let us study the case with two random times τ1, τ2.

For i = 1, 2, we denote by (Hi
t , t ≥ 0) the default process associated

with τi, i.e., Hi
t = 11{τ i≤t}.

The filtration generated by the process Hi is denoted Hi and the

filtration generated by the two processes H1, H2 is H = H1 ∨ H2.
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Toy Model

Any H-adapted process Z admits a representation as

Zt = h0(t)11t<τ1∧τ2+h1(t, τ1)11τ1≤t<τ2+h2(t, τ2)11τ2≤t<τ1+h(τ1, τ2)11τ1∨τ2≤t

where h0, h1, h2, h are (deterministic) functions.

We denote by G(t, s) = Q(τ1 > t, τ2 > s) the survival probability of the

pair (τ1, τ2) and we assume that the joint law of (τ1, τ2) admits a

density f(u, v).

We denote by ∂iG, the partial derivative of G with respect to the i-th

variable, i = 1, 2.

Simultaneous defaults are precluded in this framework, i.e,

Q(τ1 = τ2) = 0.
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Toy Model

The process M1 defined as

M1
t := H1

t +
∫ t∧τ1∧τ2

0

∂1G(s, s)
G(s, s)

ds+
∫ t∧τ1

t∧τ1∧τ2

f(s, τ2)
∂2G(s, τ2)

ds

is a H-martingale.
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Toy Model

The processes Hi
t −

∫ t

0
λi

sds, i = 1, 2, are H-martingales, where

λ1
t = P(τ1 ∈ dt|Ht, τ1 > t)

= (1 −H1
t )
(

(1 −H2
t )

−∂1G(t, t)
G(t, t)

−H2
t

f(t, τ2)
∂2G(t, τ2)

)
=: (1 −H1

t )(1 −H2
t )λ̃1

t + (1 −H1
t )H2

t λ
1|2
t (τ2)

λ2
t = (1 −H2

t )
(

(1 −H1
t )

−∂2G(t, t)
G(t, t)

−H1
t

f(τ1, t)
∂1G(τ1, t)

)
= (1 −H1

t )(1 −H2
t )λ̃2

t +H1
t (1 −H2

t )λ2|1
t (τ1)

where

λ
1|2
t (s) = − f(t, s)

∂2G(t, s)
, λ

2|1
t (s) = − f(s, t)

∂1G(s, t)
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Toy Model

The goal is to find the dynamics of Zt := E(h(τ1, τ2)|Ht) and to give an

hedging strategy based on CDSs

The price of the contingent claim h(τ1, τ2) is

Zt = h(τ1, τ2)H1
t H

2
t + ψ1,0(τ1, t)H1

t (1 −H2
t ) + ψ0,1(t, τ2)H2

t (1 −H1
t )

+(1 −H1
t )(1 −H2

t )ψ0,0(t)

with

ψ1,0(u, t) =
−1

∂1G(u, t)

∫ ∞

t

h(u, v)f(u, v)dv

ψ0,1(t, v) =
−1

∂2G(t, v)

∫ ∞

t

h(u, v)f(u, v)du

ψ0,0(t) =
1

G(t, t)

∫ ∞

t

du

∫ ∞

t

dv h(u, v)f(u, v)
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Toy Model

It can be proved that

dZt =
((
h(t, τ2) − ψ0,1(t, τ2)

)
H2

t +
(
ψ1,0(t, t) − ψ0,0(t)

)
(1 −H2

t )
)
dM1

t

+
((
h(τ1, t) − ψ1,0(τ1, t)

)
H1

t +
(
ψ0,1(t, t) − ψ0,0(t)

)
(1 −H1

t )
)
dM2

t

= π1
t dM

1
t + π2

t dM
2
t

where

ψ1,0(u, t) =
−1

∂1G(u, t)

∫ ∞

t

h(u, v)f(u, v)dv

ψ0,1(t, v) =
−1

∂2G(t, v)

∫ ∞

t

h(u, v)f(u, v)du

ψ0,0(t) =
1

G(t, t)

∫ ∞

t

du

∫ ∞

t

dv h(u, v)f(u, v)
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Toy Model

We consider a CDS

• with a constant spread κ

• which delivers δ(τ1) at time τ1 if τ1 < T , where δ is a deterministic

function.

The value of the CDS is, for t < τ1

Vt = 11t<τ1E(δ(τ1)11τ1≤T−κ( (T∧τ1)−t)|Ht) = Ṽt11{t<τ2} + V
1|2
t (τ2)11{τ2≤t}

where

Ṽt =
1

G(t, t)

(
−
∫ T

t

δ(u)∂1G(u, t) du− κ

∫ T

t

G(u, t) du

)

V
1|2
t (s) =

−1
∂2G(t, s)

(∫ T

t

δ(u)f(u, s) du+ κ

∫ T

t

∂2G(u, s) du

)
.
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Toy Model

The dynamics of the price of the CDS are

dVt = (1 −H1
t )
(
κ− δ(t)

(
(1 −H2

t )λ̃1
t +H2

t λ
1|2
t (τ2)

))
dt

−Vt−dM1
t + (1 −H1

t )(V 1|2
t (t) − Vt−)dM2

t

The dynamics of the cumulative price of the CDS are

dV cum
t = (δ(t) − V cum

t− )dM1
t + (1 −H1

t )(V 1|2
t (t) − Vt−)dM2

t
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Toy Model

Assume now that a CDS written on τ2 is also traded in the market, and

that the interest rate is null. We denote by V i, i = 1, 2 the prices of the

two CDSs.

A self financing strategy consisting in ϑi shares of CDS’s and ϑ0 shares

of savings account has value Xt = ϑ0
t + ϑ1

tV
1
t + ϑ2

tV
2
t and dynamics

dXt =
(
−ϑ1

tV
1
t− + ϑ2

t (1 −H2
t )(V 2|1

t (t) − Ṽ 2
t )
)
dM1

t

+
(
ϑ1

t (1 −H1
t )(V 1|2

t (t) − Ṽ 1
t ) − ϑ2

tV
2
t−
)
dM2

t

= (X1
t −Xt−)dM1

t + (X2
t −Xt−)dM2

t

where we have taken into account that CDSs are paying dividends and

X1
t = ϑ0

t + (1 −H2
t )ϑ2

tV
2|1
t (t).
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Toy Model

In order to hedge Z = E(Z) +
∫ T

0
π1

t dM
1
t +

∫ T

0
π2

t dM
2
t , it remains to

solve the linear system (with unknown ϑi)

−ϑ1
tV

1
t− + ϑ2

t (1 −H2
t )(V 2|1

t (t) − Ṽ 2
t ) = π1

t

ϑ1
t (1 −H1

t )(V 1|2
t (t) − Ṽ 1

t ) − ϑ2
tV

2
t− = π2

t
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Toy Model

Ordered Defaults

Let us now assume that τ1 < τ2, a.s. In that case, G(t, s) = G(t, t) for

s ≤ t,

M1
t = H1

t +
∫ t∧τ1

0

∂1G(s, s)
G(s, s)

ds = H1
t −

∫ t∧τ1

0

f1(s)
G1(s)

ds

where

G1(s) = Q(τ1 > s) = G(s, s) =
∫ ∞

s

f1(u)du .

The process M1 is H1-adapted, hence is an H1-martingale and it follows

that any H1-martingale is a H martingale. Furthermore, the intensity of

τ2 vanishes on the set t < τ1 and

M2
t = H2

t +
∫ t∧τ2

t∨τ1

f(τ1, s)
∂1G(τ1, s)

ds .

12



Toy Model

Let V i be the price of a CDS on τi, with spread κi and recovery δi.

The H-dynamics of V 1 is

dV 1
t = −V 1

t−dM
1
t + (1 −H1

t )(κ1 − δ1(t)λ̃1(t))dt

with λ̃1(t) = f1(t)
G1(t)

.

The H-dynamics of V 2 is

dV 2
t = −V 2

t−dM
2
t +(1−H2

t )κ2dt−(1−H2
t )H1

t δ2(t)λ
2|1
t (τ1)dt+(V 2|1

t (t)−V 2
t−)dM1

t .
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Toy Model

More than two defaults

In the filtration generated by three default processes,

V 1
t = Ṽ 1

t 11t<τ1∧τ2∧τ3 + V
1|2
t (τ2)11τ2≤t<τ1∧τ3 + V

1|3
t (τ3)11τ3≤t<τ1∧τ2

+V 1|23
t (τ2, τ3)11τ2∨τ3≤t<τ1

where

V 1
t =

1
G(t, t, t)

(
−
∫ T

t

δ(u)∂1G(u, t, t)dt− κ

∫ T

t

G(u, t, t)du

)
,

V
1|2
t (x) =

−1
∂2G(t, x, t)

(∫ T

t

δ(u)∂1∂2G(u, x, t)du+ κ

∫ T

t

∂2G(u, x, t)du

)

V
1|3
t (y) =

−1
∂3G(t, t, y)

(∫ T

t

δ(u)∂1∂3G(u, t, y)du+ κ

∫ T

t

∂3G(u, t, y)du

)

V
1|23
t (x, y) =

1
∂2∂3G(t, x, y)

(∫ T

t

δ(u)f(u, x, y)du− κ

∫ T

t

∂2∂3G(u, x, y)du

)
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Toy Model

and the price of the CDS follows

dVt = (1 −H1
t )κdt− (1 −H1

t )δ(t)(1 −H2
t )(1 −H3

t )λ̃1
tdt

−(1 −H1
t )δ(t)

[
(1 −H2

t )H3
t λ

1|3
t (τ3) + (1 −H3

t )H2
t λ

1|2
t (τ2)

]
dt

−(1 −H1
t )H2

t H
3
t δ(t)λ

1|23
t (τ2, τ3)dt

−Vt−dM1
t + (1 −H1

t )
(
(1 −H3

t )V 1|2
t (t) +H3

t V
1|32
t (τ3) − Vt−

)
dM2

t

+(1 −H1
t )
(
(1 −H2

t )V 1|3
t (t) +H2

t V
1|23
t (τ2) − Vt−

)
dM3

t

where the intensities are given by

λ̃1
t =

−1
G(t, t, t)

∂1G(t, t, t)

λ
1|2
t (s) =

−1
∂2G(t, s, t)

∂1∂2G(t, s, t), λ
1|3
t (s) =

−1
∂3G(t, t, s)

∂1∂3G(t, t, s)

λ
1|23
t (s2, s3) =

f(t, s2, s3)
∂2∂3G(t, s2, s3)
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Toy Model

More generally, the value of the contingent claim h(τ1, τ2, τ3) is

ψ000(t)11t<τ1∧τ2∧τ3

+ ψ001(t, τ3)11τ3≤t<τ1∧τ2 + ψ010(t, τ2)11τ2≤t<τ1∧τ3 + ψ100(t, τ1)11τ1≤t<τ2∧τ2

+ ψ011(t, τ2, τ3)11τ2∨τ3≤t<τ1 + ψ110(t, τ1, τ2)11τ1∨τ2≤t<τ3

+ ψ101(t, τ1, τ3)11τ1∨τ3≤t<τ2 + h(τ1, τ2, τ3)11τ1∨τ2∨τ3≤t

where

ψ000(t) =
1

G(t, t, t)

∫ T

t

du

∫ T

t

dv

∫ T

t

dwh(u, v, w)f(u, v, w)

ψ001(t, s) =
−1

∂3G(t, t, s)

∫ T

t

du

∫ T

t

dvh(u, v, s)f(u, v, s)

ψ011(t, s2, s3) =
1

∂2∂3G(t, s2, s3)

∫ T

t

duh(u, s2, s3)f(u, s2, s3)

and similar expressions for the remaining terms.
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Density Hypothesis, Single default

Density Hypothesis, Single default

Let (Ω,A,F,P) be a filtered probability space.

A strictly positive and finite random variable τ (the default time) is

given. We assume the following density hypothesis:

Gt(θ) := P(τ > θ|Ft) =
∫ ∞

θ

ft(u)du

Let

Gt := Gt(t) = P(τ > t|Ft) =
∫ ∞

t

ft(u)du

In what follows, we assume Gt > 0.

With N. El Karoui and Y. Jiao 17



Density Hypothesis, Single default

The family ft(.) is called the conditional density of τ given Ft.

Note that

• Gt(θ) = E(Gθ|Ft) for any θ ≥ t

• the law of τ is P(τ > θ) =
∫∞

θ
f0(u)du

• for any t,
∫∞
0
ft(u)du = 1

• For an integrable FT ⊗ σ(τ) r.v. YT (τ), one has, for t ≤ T :

E(YT (τ)|Ft) = E(
∫ ∞

0

YT (u)fT (u)du|Ft)

Gt(θ) := P(τ > θ|Ft) =
∫∞

θ ft(u)du 18



Density Hypothesis, Single default

The process

11{τ≤t} −
∫ t∧τ

0

λF
sds

is a G-martingale, where

λF
s =

fs(s)
Gs

.

G admits the multiplicative decomposition

Gt = LF
t e

− ∫ t
0 λF

sds

where LF is an F-martingale. Conversely, if Gt = nte
−Γt where n is an

F-martingale and Γ a continuous increasing process, then 11{τ≤t} − Γt∧τ

is a G-martingale.

Gt(θ) := P(τ > θ|Ft) =
∫∞

θ ft(u)du 19



Density Hypothesis, Single default

Pricing formulae

Terminal payoff X ∈ FT :

E(X11{T<τ |Gt) = 11t<τ
1
Gt

E(GTX|Ft)

Recovery

E(Zτ11{t<τ≤T |Gt) = 11t<τ
1
Gt

E(−
∫ T

t

ZudGu|Ft) = 11t<τ
1
Gt

E(
∫ T

t

Zufu(u)du|Ft)

Gt(θ) := P(τ > θ|Ft) =
∫∞

θ ft(u)du 20



Density Hypothesis, Single default

Problem: given a martingale n and an increasing process Γ (such that

0 < nte
−Γt < 1), construct τ such that Gt = nte

−Γt .

If n = 1, this is the Cox model.

In a general case, the problem admits various solutions.

Gt(θ) := P(τ > θ|Ft) =
∫∞

θ ft(u)du 21



Density Hypothesis, Single default

Immersion property

Immersion property holds if any F-martingale is a G-martingale. It is

equivalent to

ft(s) = fs(s),∀t > s

Gt(θ) := P(τ > θ|Ft) =
∫∞

θ ft(u)du 22



Density Hypothesis, Single default

Forward intensity

The forward intensity λt(θ) of τ is given by λt(θ) = −∂θ lnGt(θ)

Gt(θ) = exp(−
∫ θ

0

λt(u)du)

We assume that F is a Brownian filtration. There exists Ψ(t, θ) such

that

1. Gt(θ) = G0(θ) exp
(∫ t

0
Ψ(s, θ)dWs − 1

2

∫ t

0
Ψ2(s, θ)ds

)
;

2. λt(θ) = λ0(θ) −
∫ t

0
ψ(s, θ)dWs +

∫ t

0
ψ(s, θ)Ψ(s, θ)ds;

3. Gt = exp
(
− ∫ t

0
λF

sds+
∫ t

0
Ψ(s, s)dWs − 1

2

∫ t

0
Ψ2(s, s)ds

)
;

where Ψ(t, θ) =
∫ θ

0
ψ(t, u)du

Gt(θ) := P(τ > θ|Ft) =
∫∞

θ ft(u)du 23



Density Hypothesis, Single default

Example: “Cox-like” construction. Here

• λ is a non-negative F-adapted process, Λt =
∫ t

0
λsds

• Θ is a given r.v. independent of F∞ with unit exponential law

• V is a F∞ -measurable non-negative random variable

• τ = inf{t : Λt ≥ ΘV }.
For any θ and t,

Gt(θ) = P(τ > θ|Ft) = P(Λθ < ΘV |Ft) = P

(
exp−Λθ

V
≥ e−Θ

∣∣∣∣Ft

)
.

Let us denote exp(−Λt/V ) = 1 − ∫ t

0
ψsds, with

ψs = (λs/V ) exp−
∫ s

0

(λu/V ) du,

and define γt(s) = E (ψs| Ft). Then, ft(s) = γt(s)/γ0(s).
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Density Hypothesis, Single default

Backward construction of the density

Let ϕ(·, α) be a family of densities on R+, depending of some parameter

and X ∈ F∞ a random variable. Then∫ ∞

0

ϕ(u,X)du = 1

and we can choose

ft(u) = E(f∞(u)|Ft) = E(ϕ(u,X)|Ft)
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Density Hypothesis, Single default

G-martingale characterization

A càdlàg process Y G is a G-martingale if and only if there exist an

F-adapted càdlàg process Y and an Ft ⊗ B(R+)-optional process Yt(.)

such that

Y G
t = Yt11{τ>t} + Yt(τ)11{τ≤t}

and that

• (YtGt +
∫ t

0
Ys(s)fs(s)ds, t ≥ 0) is an F-local martingale;

• (Yt(θ)ft(θ), t ≥ θ) is an F-martingale.
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Density Hypothesis, Single default

Girsanov theorem

Let ZG
t = zt11{τ>t} + zt(τ)11{τ≤t} be a positive G-martingale with

ZG
0 = 1 and let ZF

t = ztGt +
∫ t

0
zt(u)ft(u)du be its F projection.

Let Q be the probability measure defined on Gt by dQ = ZG
t dP.

Then, fQ
t (θ) = ft(θ)

zt(θ)

ZF

t
, and:

(i) the Q-conditional survival process is defined by GQ
t = Gt

zt

ZF
t

(ii) the (F,Q)-intensity process is λF,Q
t = λF

t

zt(t)
zt−

, dt- a.s.;

(iii) LF,Q is the (F,Q)-local martingale

LF,Q
t = LF

t

zt

ZF
t

exp
∫ t

0

(λF,Q
s − λF

s)ds
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Density Hypothesis, Single default

The change of probability measure generated by the two processes

zt = (LF
t )−1, zt(θ) =

fθ(θ)
ft(θ)

provides a model where the immersion property holds true, and where

the intensity processes does not change

28



Several Defaults

Several Defaults

We introduce the conditional joint survival process Gt(u, v) by setting,

for every u, v, t,

Gt(u, v) = P(τ1 > u, τ2 > v | Ft).

We assume that the conditional joint density ft(u, v) = ∂12Gt(u, v)

with respect to u and v exists: Gt(u, v) can be represented as follows

Gt(u, v) =
∫ ∞

u

dx

∫ ∞

v

dy ft(x, y).
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Several Defaults

The process

M1
t = H1

t −
∫ t∧τ1∧τ2

0

λ̃1
u du−

∫ t∧τ1

t∧τ1∧τ2

λ1|2(u, τ2) du,

is a G-martingale, where

λ̃i
t = −∂iGt(t, t)

Gt(t, t)
, λ1|2(t, s) = − ft(t, s)

∂2Gt(t, s)

Toy model:

λ̃i
t = −∂iG(t, t)

G(t, t)
, λ1|2(t, s) = − f(t, s)

∂2G(t, s)
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Several Defaults

CDS price

Let

Vt = Ṽt11t<τ1∧τ2 + V̂t(τ2)11τ2<t<τ1

The dynamics of the price of a CDS are

dVt = (1 −H1
t )
(
κ− δ(t)

(
(1 −H2

t )λ̃1
t +H2

t λ
1|2
t (τ2)

))
dt

−Vt−dM1
t + (1 −H1

t )(V 1|2
t (t) − Vt−)dM2

t

+ (1 −H1
t )((1 −H2

t )σ1
t +H2

t σ
1|2
t (τ2))dŴt

Toy model

dVt = (1 −H1
t )
(
κ− δ(t)

(
(1 −H2

t )λ̃1
t +H2

t λ
1|2
t (τ2)

))
dt

−Vt−dM1
t + (1 −H1

t )(V 1|2
t (t) − Vt−)dM2

t
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Several Defaults

Ṽt =
1

Gt(t, t)

(
−
∫ T

t

δ(u)∂1Gt(u, t) du− κ

∫ T

t

Gt(u, t) du

)
.

Toy Model

Ṽt =
1

G(t, t)

(
−
∫ T

t

δ(u)∂1G(u, t) du− κ

∫ T

t

G(u, t) du

)
.
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Several Defaults

V
1|2
t (s) =

1
∂2Gt(t, s)

(
−
∫ T

t

δ(u)ft(u, s) du− κ

∫ T

t

∂2Gt(u, s) du

)
.

Toy model

V
1|2
t (s) =

1
∂2G(t, s)

(
−
∫ T

t

δ(u)f(u, s) du− κ

∫ T

t

∂2G(u, s) du

)
.
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Several Defaults

Volatility

From PRT, there exists g such that

Gt(u, v) = G0(u, v) +
∫ t

0

gs(u, v) dWs,

The volatility is given by

σ1
t = − 1

Gt(t, t)

(∫ T

t

(
δ(u) ∂1gt(u, t) + κgt(u, t)

)
du+ gt(t, t)Ṽt

)

σ
1|2
t (t, s) =

−1
∂2Gt(t, s)

(
∫ T

t

δ(u)∂12gt(u, s)du+ κ

∫ T

t

∂2gt(u, s) du+ V̂t∂2gt(t, s))

and the G-Brownian motion Ŵ satisfies

Ŵt∧τ1 = Wt∧τ1 −
∫ t∧τ1∧τ2

0

gs(s, s)
Gs(s, s)

ds) −
∫ t∧τ1

t∧τ1∧τ2

∂2gs(s, τ2)
∂2Gs(s, τ2)

ds
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Several Defaults

THANK YOU FOR YOUR ATTENTION
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