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Example : a trajectory of an ant
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» The norm of the velocity is constant

» The direction of the ant changes abruptly

4/33

Individual displacement
in biology:
a new model for fish
behavior

Sébastien Motsch

Models of displacement
in biology

Classical model
Experiments

Model PTW

Macroscopic model of
PTW
Probabilistic method

Kinetic method

Particles in interactions
Vicsek model
Kinetic equation

Fluid equation




Exa m ple : a trajectory of a n a nt Individual displacement

in biology:
a new model for fish
behavior

Sébastien Motsch

Models of displacement
in biology

15
1

Classical model
Experiments

Model PTW

Macroscopic model of
PTW

Probabilistic method

10
1

Kinetic method

Particles in interactions
Vicsek model
Kinetic equation

Fluid equation

» The norm of the velocity is constant

» The direction of the ant changes abruptly

5/33



Mathematically

> Let X be the vector position. Since velocity is
constant, we have :

.
d%f = c7(0),

with 7(0) = (cos 6, sin 9).

6/33

Individual displacement
in biology:
a new model for fish
behavior

Sébastien Motsch

Models of displacement
in biology

Classical model
Experiments

Model PTW

Macroscopic model of
PTW
Probabilistic method

Kinetic method

Particles in interactions
Vicsek model
Kinetic equation

Fluid equation




Mathematically

> Let X be the vector position. Since velocity is
constant, we have :

dX .
E - CT(9)7
with 7(0) = (cos 6, sin 9).

> The angle 6 of the vector speed is modelled as a

jump process :
N(t)

0(t)=>Y_ S,
i=1

with N(t) a Poisson process of intensity A and S;
independent jumps.
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Model for fish behavior
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The jump process is replaced by a diffusive process :

dxX o
E = CT(G)

do = bdW,,

where dW; is the white noise.
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dxX o
E = CT(G)

do = bdW,,

where dW; is the white noise.

Problem : Is that model relevant for fish ?
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Model for fish behavior
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The jump process is replaced by a diffusive process :

dxX o
E = CT(G)

do = bdW,,

where dW; is the white noise.

Problem : Is that model relevant for fish ?

= Experiments
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Experiments
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» The diameter of the basin is 4 meters

» Species studied : Kuhlia mugil (20-25 cm)
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» The norm of the velocity is constant

» The trajectory is smooth, the fish seems to turn
constantly
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Two key elements in the statistical analysis of the
curvature :

10/33

K_(n+1)

» Strong correlation between two time steps

» Gaussian form for the stationnary state

10

3 X16

distribution de courbure
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Model

We note k the curvature. The model proposed is :
Kpntl = Knp — QKp + €p,

where £, is a random noise independent of k.
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Model

We note k the curvature. The model proposed is :
Kpntl = Knp — QKp + €p,

where £, is a random noise independent of k.

Continuous version of the model :
dk = —akdt + bdW;.

In the field of probability, this equation is known as the
Ornstein-Uhlenbeck process.
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Model

Finally, the model can be written as :

X = c7(0)
@ = ¢k

dk = —arkdt+ bdW,;

where c is the velocity.

We call this model “Persistent Turning Walker” (PTW).
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Model

Finally, the model can be written as :

X = c7(0)
@ = ¢k

dk = —arkdt+ bdW,;

where c is the velocity.

We call this model “Persistent Turning Walker” (PTW).

= Numerical simulation
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Macroscopic model

We start from the stochastic differential equation

13/33

dx
dt
do
dt
dk

c7(6)

CKR

—akdt+ b dW,,
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Macroscopic model

We start from the stochastic differential equation in
scaled variables

dx;
dt,
do
dt.

dk = —ndt*+\ﬁath*,

= 7(0)

= K

. 2 2
Wlth:t*:%t,x*zgxandazz%.
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Macroscopic model

We start from the stochastic differential equation in
scaled variables

dx;
dt,
do
dt.

dk = —ndt*+\ﬁath*,

= 7(0)

= K

. 2 2
Wlth:t*:%t,x*zgxandazz%.

What is the dynamics on a larger scale ?
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Probabilistic method

> dk = —/@dt—l—\@ath

Explicit solution in term of stochastic integral :

t
= k(t) =e ko + \/iae_t/ e® dW.

0

> df =k dt
Explicit solution :

= 0(t) = 0y + Ko — K(t) + V2aW.
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Probabilistic method

> dk = —/@dt—l—\@ath

Explicit solution in term of stochastic integral :

t
= k(t) =e ko + \/iae_t/ e® dW.

0

> df =k dt
Explicit solution :

= 0(t) = 0y + Ko — K(t) + V2aW.

> dX = 7(0)dt
Explicit solution : 7
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Hyp. : %o = (0,0), 6 ~ U] — 7, 7], ko ~ N(0,a?),
Ao, ko and W; independent.
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Hyp. : %o = (0,0), 6 ~ U] — 7, 7], ko ~ N(0,a?),
Ao, ko and W; independent.

Thm. Under

Var{%(t)} = 2

above hypothesis, we have :

E{X(t)} = (0,0), Vt>0,
(
0

s=

In particular :

with :

15/33

Var{x(t)} “<® 2D,

t —s)exp (—a2 (-14+s+e®)) ds.
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Summary of the probabilistic method :

» Explicit expression for the mean square displacement.

» Linear growth of the mean square displacement
which indicates diffusive behavior.
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Summary of the probabilistic method :

» Explicit expression for the mean square displacement.

» Linear growth of the mean square displacement
which indicates diffusive behavior.

However :

» No rigorous proof of diffusive behavior
asymptotically.

» If we put interaction terms in the PTW model, the
method is not available.
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Kinetic method

We start from our PTW model :

dx

2 2

it 7(0)

@,

dt

dk = —kdt+V2adW,

We introduce f(t, x, 0, k) the density distribution of
particles.

Individual dynamics can be translated on f using
Kolmogorov (forward) equation :

Oif + 7 - Vzf + kOpf — Ox(Kf) — 052&{2'( =0.
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Large scale

We introduce the diffusive rescaling :
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Large scale

We introduce the diffusive rescaling :
t'=¢e%t ; X' =ex

With these new variables, we define
fe(t',x',...) = f(t, x, ...) which satisfies :

1
0 FF + 7 Vo + ~Af =
3

with Af€ = kOpf® — 0, (Kf%) — 20,2 f°.
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Large scale

We introduce the diffusive rescaling :
t'=¢e%t ; X' =ex

With these new variables, we define
fe(t',x',...) = f(t, x, ...) which satisfies :

1
0 FF + 7 Vo + ~Af =
3

with Af€ = kOpf® — 0, (Kf%) — 20,2 f°.

What is the limit of f¢ as e tends to 0 7
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We consider an Hilbert expansion of 7€ :

e =f0+ef' +o(e).
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We consider an Hilbert expansion of 7€ :

>

e =f0+ef' +o(e).

el AfP=0 = f0=cMr

where M Gaussian with zero mean and variance o

2
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We consider an Hilbert expansion of 7€ :
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We consider an Hilbert expansion of 7€ :

e =f0+ef' +o(e).

> el A =0 = 0 =n0(t,x) 5 (”)

where M Gaussian with zero mean and variance o?.

» 0 FVL0 = AfL
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We consider an Hilbert expansion of ¢ : behavior
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f - f + Ef + 0(8)' Models of displacement
in biology
Classical model

Experiments
Model PTW.

> el A =0 = 0 =n0(t,x) 5 (R)

Macroscopic model of

PTW
where M Gaussian with zero mean and variance 2. Proisic paad
inetic method
> EO : 7. VX fO — Afl I?,i::(c::c:n interactions
We introduce an auxiliary function x satisfying : A
M(k
AY = () 7. (2)
2w

Then : f1 = — - Vzn® +cM(k).
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Integrating eq. (1) in (6, k)

/ (£, + 7 - Vyf + %Afs = 0) dfdw
0,k

we have the equation of mass conservation :

Oen + Vg JF =0,

where

ns(t,f):/ < dr do, Je(t,z):/
0,k 0

K
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€

f'
= 7(0) drdo.

e

Individual displacement
in biology:
a new model for fish
behavior

Sébastien Motsch

Models of displacement
in biology

Classical model
Experiments

Model PTW

Macroscopic model of
PTW
Probabilistic method

Kinetic method

Particles in interactions
Vicsek model
Kinetic equation

Fluid equation




Inserting the Hilbert expansion in the expression of the
flux J :

Ft5) = 1 / F27(0) drdo
0,k

c
- / FL7(0) drdd + O(c),
0,k

we have at the limit e — 0 :

St,%) =— </ 7®xdo d,fu> Vin®.
0,k
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Diffusive equation

Thm. The distribution 7¢ solution of (1) satisfies :

M(x)

2w

€0 o
f* " —"n ,

with :

9en® + V50 =0,
SO = —DVin®,

where D = [, 7 ® X df dx and x solution of (2).
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OtXt = —AXt + T(0) or X(t=0) =0.

AX =

- t—+4o0 o

We show that :
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— — Models of displacement
D = / T X de dk in biology
0,k

Classical model

t——+o00 Macroscopic model of
PTW

Experiments
. — = Model PTW
= lim / T® Xt d0dr
0,k

Probabilistic method

D Kinetic method

= E |d7 Particles in interactions

Vicsek model

Kinetic equation

where |d denotes the 2x2 identity tensor and e eauation

D= / exp (—a?(=1+s+e®)) ds.
0
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Fishes in interaction
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Fishes in interaction

Experiments,
data recording

'

Statistical
analysis
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Vicsek model
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Kinetic equation

The probability density of particles 7(t, x,w) satisfies :

Otf +w - Vyf +V, - (FF)=0,
with :

J(x,t)

F=v(ld—w®w)ow , = —
( ) J0x, 1)

€l

J(x, £) = / K(x — yl)v f(y, 0, t) dy dv
y€eR3, ves?
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Large scale

In order to derive a macroscopic equation, we introduce

the rescaling :

In this variables, ¢ satisfies :

(0 +w - VyfS) = =V, - (FFF) + dA e
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After some computations, we find :

pE =0 O — n(t,X)MQ(t,X)

with Mo (w) = Cexp(gw - Q).
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Fluid equation

Integrating equation (3), we find formally the hyperbolic
system :

Otn+ Vi - (c1n2) = 0,
n 0+ c(2-V)Q)+A(ld—Q®Q)Ven =0,

with the coefficients ¢1, ¢ and X depending on d and v.
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