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SUMMARYVARIATIONAL AND HAMILTONIAN SETTINGS FOR NON-LINEARE-MAGNETISMTHE MAXWELL AND BORN-INFELD MODELSTHE BORN-INFELD SYSTEM VIEWED AS THE RESTRICTION OFAN AUGMENTED SYSTEM TO AN ALGEBRAIC MANIFOLDWEAK CLOSURE OF THE ALGEBRAIC MANIFOLD: MATTER ANDELECTROMAGNETIC FIELD SEPARATE AND INTERACTIN ONE SPACE DIMENSION: INTEGRABILITY, SINGULARITIESAND VISCOSITY SOLUTIONSNUMERICAL EXAMPLES IN ONE AND TWO SPACE DIMENSIONS
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A VARIATIONAL SETTING FOR NON-LINEAR E-MAGNETISMWe look for ele
tromagneti
 �elds (E(t,x),B(t,x)), where x ∈ R3, subje
tto the di�erential 
onstraints
∂tB + ∇× E = 0, ∇ · B = 0,that satisfy the following stationary a
tion prin
iple

d

dε ε=0

Z

{L(E(t,x) + ε η(t,x),B(t,x) + ε β(t,x)) − L(E(t,x),B(t,x))}dx dt = 0,for all 
ompa
tly supported perturbation (η, β) 
ompatible with thedi�erential 
onstraints. Here L de�nes the model and is a given realfun
tion of (E,B) ∈ R6, stri
ly 
onvex in E, and depending on (E,B) onlythrough E2 − B2 and E · B.The simplest model, given by

L(E,B) =
1

2
(E2 − B2),leads to the 
lassi
al linear (homogeneous and normalized) Maxwell'sequations.
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THE HAMILTONIAN FORMULATIONIntrodu
ing the partial Legendre transform:

h(D,B) = sup
E∈R3

E · D − L(E,B), ∀ D ∈ R3, ∀ B ∈ R3We get the 'Hamiltonian form'
∂tB + ∇× (h′

D
(D,B)) = 0, ∇ · B = 0,

∂tD −∇× (h′

B
(D,B)) = 0, ∇ · D = 0,with the additional 'energy-momentum' 
onservation laws (provided byNoether's theorem)

∂t(h(D,B)) + ∇ · (D × B) = 0,

∂t(D × B) + ∇ · (Π(D,B)) = 0,where the �ux Π 
an be 
omputed expli
itly.
f. C. Dafermos, Hyperboli
 
onservation laws in 
ontinuum physi
s, Springer 2005,D. Serre, Hyperboli
ity of the nonlinear models of Maxwell's equations, ARMA (2004).
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MAXWELL AND BORN-INFELD'S MODELSThe simplest model, given by
L(E,B) =

1

2
(E2 − B2), h(D,B) =

1

2
(D2 + B2),
orresponds to the 
lassi
al Maxwell's equations. A non-linear 
orre
tion,suggested in 1934 by Max Born and Leopold Infeld, is obtained with

L(E,B) = −
q

1 − E2 + B2 − (E · B)2, h(D,B) =
q

1 + D2 + B2 + (D × B)2and leads to the BORN − INFELD system. The Maxwell system isre
overed as the low �eld limit of the BI system, as B,D << 1.In the ele
trostati
 
ase, B = 0, we get
L(E,0) = −

p

1 − E2, ∇× E = 0.Then, the ele
tri
 �eld E is 
uto� by 1, in appropriate physi
al units.(With Born's s
aling BI �ts Maxwell down to 10−15 meters.) This wasBorn's original motivation for a non-linear theory, in the spirit of spe
ialrelativity where no speed is allowed to ex
eed the speed of light.(
f. Born and Infeld, Pro
. Roy. So
. London, A 144 (1934), Born, Ann. Inst. H.Poin
aré, 1937)June 29, 2007 5
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THE BORN-INFELD SYSTEMThe Born-Infeld system reads:
∂tB + ∇× (B × v +

D

h
) = 0, ∇ · B = 0,

∂tD + ∇× (D × v −
B

h
) = 0, ∇ · D = 0,where

h =
q

1 + D2 + B2 + (D × B)2, v =
D × B

h
.This system is hyperboli
 and linearly degenerate. Global smoothsolutions have been proven to exist for small lo
alized initial 
onditions byChae and Huh, J. Math. Phys. 2003. The additional 
onservation law

∂th + ∇ · (hv) = 0,provides an 'entropy fun
tion' h whi
h is a 
onvex fun
tion of theunknown D,B only in a neighborhood of (0, 0).
f. G. Boillat, in Boillat, Dafermos, Lax, Liu, CIME 1994-Springer le
ture notes 1640.
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THE AUGMENTED BORN-INFELD (ABI) SYSTEMThe 10 × 10 augmented Born-Infeld system (ABI) is made of the originalBI system augmented by adding the 4 'energy-momentum' 
onservationlaws:
∂t(hv) + ∇ · (hv ⊗ v −

B ⊗ B + D ⊗ D

h
) = ∇(

1

h
), ∂th + ∇ · (hv) = 0to the 6 original BI evolution equations

∂tB + ∇× (B × v +
D

h
) = 0, ∇ · B = 0,

∂tD + ∇× (D × v −
B

h
) = 0, ∇ · D = 0,while DISREGARDING the algebrai
 
onstraints

h =
q

1 + D2 + B2 + (D × B)2, v =
D × B

h
,whi
h de�ne the 6 dimensional BI MANIFOLD. For smooth solutions,THE BI SYSTEM IS JUST EQUIVALENT TO THE AUGMENTEDSYSTEM RESTRICTED TO THE BI MANIFOLD.
f. YB, Ar
h. Rat. Me
h. Analysis 2004June 29, 2007 7
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SOME PROPERTIES OF THE AUGMENTED BI SYSTEMThe 10 × 10 ABI (augmented Born-Infeld) system

∂tB + ∇× (B × v +
D

h
) = 0, ∇ · B = 0,

∂tD + ∇× (D × v −
B

h
) = 0, ∇ · D = 0,

∂t(hv) + ∇ · (hv ⊗ v −
B ⊗ B + D ⊗ D

h
) = ∇(

1

h
), ∂th + ∇ · (hv) = 0,is hyperboli
, linearly degenerate, and admits

η(h,hv,D,B) =
1 + D2 + B2 + (hv)2

h
,as a 
onvex entropy fun
tion.It looks like 
lassi
al MHD equations and enjoys classical Galileaninvarian
e:

(t,x) → (t,x + U t), (h,v,D,B) → (h,v − U,D,B),for any 
onstant speed U ∈ R3!June 29, 2007 8
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THE NON-CONSERVATIVE VERSION OF THE ABI SYSTEM

∂tb + (v · ∇)b = (b · ∇)v − τ∇× d, ∂td + (v · ∇)d = (d · ∇)v + τ∇× b,

∂tτ + (v · ∇)τ = τ∇ · v, ∂tv + (v · ∇)v = (b · ∇)b + (d · ∇)d + τ∇τ,where
τ =

1

h
, b =

B

h
, d =

D

h
.This system is quadrati
, symmetri
 and well de�ned for ALL real valuesof τ (in
luding τ < 0, τ = 0).It is useful for a rigorous asymptoti
 analysis of the �high �eld regimes�

h ∼ ∞, whi
h in
lude Shallow-water MHD equations (without gravity),strings et
..., at least when the limit solutions are smooth.In non-
onservative variables, the Born-Infeld Manifold is de�ned by:

τ > 0, τ2 + v2 + b2 + d2 = 1, τv = d × b.
f. YB, Wen-an Yong, Derivation of parti
le, string and membrane motions from theBorn-Infeld Ele
tromagnetism, J. Math. Physi
s 2005
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THE FIELD-MATTER INTERACTION AND THE WEAK BIMANIFOLDThe 10 × 10 ABI (augmented Born-Infeld) system is linearly degenerate andstable under weak 
onvergen
e: weak limits of uniformly boundedsequen
es in L∞ of smooth solutions depending on one spa
e variable onlyare still solutions.(This 
an be proven by using the 'div-
url' lemma, while the problem isopen in higher dimensions.)Thus, the CONVEX HULL of the BI − MANIFOLD 
an be 
onje
tured tobe the natural set for intial 
onditions to the ABI system, attainable byos
illations of the original BI system. (As a matter of fa
t, the di�erential
onstraints ∇ · D = ∇ · B = 0 must be taken into a

ount.) This 
onvex hullhas full dimension and was 
omputed by D. Serre:
h ≥

q

1 + D2 + B2 + (hv)2 + 2|D × B − hv|.
f. D. Serre, A remark on Y. Brenier's approa
h to Born-Infeld ele
tro-magneti
 �elds,Contemp. Math., 371, Amer. Math. So
., 2005.
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PROPERTIES OF THE WEAK BI MANIFOLDThe weak BI manifold
h ≥

q

1 + D2 + B2 + (hv)2 + 2|D × B − hv|
an be also de�ned by
τ ≥ 0, τ2 + v2 + b2 + d2 + 2|d × b − τv| ≤ 1, τ =

1

h
, b =

B

h
, d =

D

h
.On this manifold:1) The ele
tromagneti
 �eld (D,B) and the 'density and velo
ity' �elds

(h,v) 
an be 
hosen independently of ea
h other, as long as they satisfy therequired inequality. There is no longer any algebrai
 dependen
e betweenthem! So, through this weak 
onvergen
e viewpoint, we get a coupledsystem between a '�uid' and an 'ele
tromagneti
 �eld', just as in 
lassi
alMHD.
June 29, 2007 11
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PROPERTIES OF THE WEAK BI MANIFOLD, 
ontinued2) 'Matter' may exist without ele
tromagneti
 �eld: B = D = 0, whi
hleads to the Chaplygin gas (a possible model for 'dark energy' or 'va
uumenergy')

∂t(hv) + ∇ · (hv ⊗ v) = ∇(
1

h
), ∂th + ∇ · (hv) = 0(for whi
h the pressure is negative=-1/density and the soundspeed=1/density),3) Velo
ities are 'subluminal': |v| ≤ 1 and 'moderate' Galilean transformsare allowed

(t,x) → (t,x + U t), (h,v,D,B) → (h,v − U,D,B)(whi
h is impossible on the original BI manifold). This is left from spe
ialrelativity under weak 
ompletion ('subrelativisti
' 
onditions.)
f. YB, Non relativisti
 strings may be approximated by relativisti
 strings, MethodsAppl. Anal. 12 (2005)
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INTEGRABILITY OF THE ABI SYSTEM IN 1 SPACE DIMENSIONIn one spa
e dimension (say x1), introdu
ing

z =
q

b2

1
+ d2

1
+ τ2 , u = (

b1

z
,
d1

z
,
τ

z
) , w = (b2 + ib3,d2 + id3,v2 + iv3) ,using a Lagrangian 
oordinate s, and de�ning X,U,W by:

∂tX(t, s) = v1(t,X(t, s)), ∂sX(t, s) = z(t,X(t, s)),

U(t, s) = u(t,X(t, s)), W(t, s) = w(t,X(t, s)),the one-dimensional ABI system redu
es to

∂ttX = ∂ssX, ∂tU = 0, ∂tW = A(U)∂sW,where
A(U) =

0

B

B

@

0 −iU3 U1

iU3 0 U2

U1 U2 0

1

C

C

A

The only propagation speeds of this system are 0, +1,−1.June 29, 2007 13
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SINGULARITIES AND VISCOSITY SOLUTIONSThe linear wave equation does not preserve the inversibility 
ondition

∂sX(t, s) > 0 in the large (large data or large times). This show thatSINGULARITIES may develop in �nite time for the ABI system.This also 
orresponds to the CONCENTRATION of the Eulerian density�eld h(t, x) as a singular measure.Solutions 
an be extended beyond singularities by adding the unilateral
onstraint ∂sX(t, s) ≥ 0, whi
h 
an be done easily in the framework ofMAXIMAL MONOTONE OPERATORS IN L2. The resulting dissipativesolutions no longer preserves energy. In Eulerian 
oordinates, this amountto add a vanishing vis
osity to the momentum equation
∂t(hv1) +

∂

∂x1

(hv2

1) + · · · = ǫ
∂2

∂x1
2
v1, ǫ → 0,Noti
e that this is a REALISTIC (Navier-Stokes style) vis
osity.A similar idea was used re
ently to provide a COMPLETELYHILBERTIAN formulation of MULTIDIMENSIONAL NON-LINEARSCALAR CONSERVATION LAWS (not relying on L1 and BV spa
es).
f. YB Well-ordered vibrating strings, Methods Appl. Anal. 2004,Y.B. L2-formulation of multid s
alar 
onservation laws, 2006,http://arxiv.org/pdf/math.AP/0609761June 29, 2007 14
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1D Chaplygin gasTraje
tories of the gas parti
les (verti
al time, horizontal spa
e). Observe the
on
entration e�e
t.
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1D Chaplygin gasDissipation of the total energy and evolution of the kineti
 energy.
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PRESSURELESS SHALLOW-WATER MHDIf we set d = τ = 0 in the non-
onservative form of the ABI system, we get thepressureless version of the Shallow water MHD system

∂tb + (v · ∇)b = (b · ∇)v, ∂tv + (v · ∇)v = (b · ∇)b.This system was also introdu
ed for 'optimal transportation of 
urrents' (ageneralization of the optimal transportation of densities).
f. YB A note on deformations of 2D �uid motions using 3D Born-Infeld equations. Monatsh.Math. 142 (2004), no. 1-2, 113�122
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SW-MHDDrawing of the magneti
 lines.
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