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A bit of background: instrumental

and observational developments

1300 to 1900
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• About 1300 First recorded use of lenses for

eyeglasses.

• 1666 Newton uses a glass prism to observe

the spectrum of sunlight.

• 1800 F. W. Herschel uses a thermometer

to observe outside the visible range of the

spectrum.

• 1802 Thomas Young develops the wave

theory of light by using a crude transmis-

sion grating to establish wavelengths.

• 1821 Joseph von Fraunhofer constructs an

accurate transmission grating.
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• About 1850 photographic plates begin to

be used to record spectra. Effective pho-

tographic recording begins with Eastman’s

coating developments in 1879.

• 1878 Samuel Langley invents the bolome-

ter and has rock-salt prisms made in Paris.

• 1882 Henry A. Rowlands develops blazed

reflection gratings.

• 1892 Arthur A. Michelson invents the in-

terferometer.

• 1895 Wilhelm Röntgen discovers X-rays.
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• 1896 Zeeman effect discovered.

• 1897 J. J. Thomson measures m/e in cath-

ode rays.

• 1900 First IR measurements on organic com-

pounds by W. W. Coblentz.
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The development of quantitative

spectroscopy: mechanical models

1880 to 1913.
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The theory for band spectra begins with Rayleigh
in 1892 who proposed a molecular model of
rotating-vibrating point masses. He developed
this quantitatively for a diatomic molecule.

If a diatomic molecule is an oscillator that emits
and absorbs at frequency ν0 then if it rotates
about an axis perpendicular to the axis of vi-
bration then it should emit and absorb in equal
proportions at frequencies ν0 + νr and ν0 − νr

with

νr =
1

2π

√
kT

I

where k is Boltzmann’s constant, T is the tem-
perature in Kelvin and I is the moment of in-
ertia.

If this actually happened it should lead to a
line broadening in molecular spectra in a way
that is not actually observed. This difficulty
is analogous to that posed by atomic spectral
lines before Bohr’s quantum theory.
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In 1904 Drude, on the basis of a study of

dispersion in crystals proposed that the infra-

red bands of most substances, including gases,

must be due to the oscillation of electrically

charged atoms and molecules rather than to

the oscillations of electrons in atoms.

In 1912 Bjerrum called attention to the fact

that the breadth of the (then) unresolved in-

frared absorption bands for HCl, HBr and CO

were about the right breadth to be explained

by Rayleigh’s hypothesis.

In 1913 Burmeister was able to resolve these

bands so Bjerrum was able to calculate I and

hence the bond length r0 using the reduced

atomic masses. For HCl r0 was calculated to

be 1.34 Å
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In 1914 Bjerrum proposed that molecules should

be regarded as consisting of a system of point

masses moving in a potential field that de-

pended only upon the separation of the point

masses and proposed that for diatomics the

potential would be approximately quadratic in

the internuclear separation and so harmonic vi-

bration might be anticipated. Rotations would

be almost rigid body.

In 1919 Imes was able further to resolve the

near infrared bands in HCl and to reveal their

fine structure.
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In 1920, Kratzer began developing a complete

quantum theory of diatomic spectra on the

basis of the Drude-Rayleigh-Bjerrum model.

This allowed for quantized electronic transi-

tions and he quantized the the rotational mo-

tion in half-integers and so placed the “zero

line” in the fine structure actually at ν0. He

identified this frequency as the fundamental of

an harmonic oscillator. He invented his own

potential and developed a theory of anharmonic-

ity. He and independently Loomis, showed up

the isotope effect in the HCl spectrum.

The development of the theory of the Bjerrum

model for polyatomic systems was not at all

as advanced however. Certain empirical rules

were developed and the idea of characteristic

IR frequencies for functional groups began at

about this time but there was no serious the-

ory. A serious theory turned out to need quan-

tum mechanics.
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The break-through comes with a paper by David

Dennison published in August 1926 in which he

uses Heisenberg’s form of quantum mechanics

to describe the motions of a rigid rotor and of

a symmetric top. The date of publication is

a little over year after Heisenberg’s first paper

and about six month’s after Schrödinger’s first

paper.
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In 1931 (Rev. Mod. Phys., 3, 280) Dennison

really takes the bull by the horns. This is his

program:

Heitler and London have shown that a stable

hydrogen molecule arises because the sum of

the electronic and nuclear repulsion energies

have a minimum in them. This must be true

for all molecules. Forget the electrons except

as providing the potential for nuclear motion.

(Notice Born and Oppenheimer don’t get a

look in and it is nuclei, not atoms that he

treats as moving.)
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Experimental work on diatomics indicates that

the potential can be well approximated by a

quadratic form because the observed low-lying

vibrational lines can be accounted for as aris-

ing from harmonic oscillations. This must be

extendable to polyatomics assuming that the

nuclear displacements from equilibrium are not

too big.

If there are s nuclei in the molecule and its

equilibrium geometry is not linear, it must be

possible to find n = 3s − 6 displacement co-

ordinates qk in which the kinetic and potential

energies are both bilinear forms. Given this, it

must be also be possible to make a linear com-

bination of these coordinates to yield normal

coordinates xk in which both the kinetic and

potential energies are strictly quadratic.
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HV = T + V

T =
1

2

n∑

k=1

p2
k, V =

1

2

n∑

k=1

λkx2
k

so that

HV =
n∑

i=1

Hi, Hi =
1

2
p2
i +

1

2
λix

2
i

The problem is reduced to one of the sum of

harmonic oscillators.
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Dennison then says that, although the rota-

tional motion will depend upon the vibrational

motion because the moments of inertia depend

on the extension of the molecule, any actual

interaction between vibration and rotation can

be ignored. Thus one can write the full Hamil-

tonian as

H = HV + HR

with eigensolutions

W = WV + WR, ψ = ψV ψR
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He writes HR in the form

HR =
L2
x

2Ix
+

L2
y

2Iy
+

L2
z

2Iz

where the Lα are the components of the total
angular momentum operator about the axes
of inertia defined by the principal axis choice.
The Iα are then the instantaneous moments of
inertia. (I’ve slightly altered his notation: he
uses A, B and C for the moments of inertia
and Pi for the angular momentum operators)

This approach was taken independently by Casimir
in his thesis published also in 1931.

Dennison asserts that, to a very good approx-
imation the equilibrium molecular geometry is
sufficient to define the principal axis system
and hence the moments of inertia are, to first
order, just constants. However he does recog-
nize that in higher order, changes in the mo-
ments of inertia can lead to centrifugal distor-
tion.
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Dennison’s account fits the Bjerrum model nicely

into quantum mechanics and there is no prob-

lem there at all. But can one actually de-

rive either the Bjerrum model directly from

the classical mechanics of a system of parti-

cles interacting through two-body potentials,

or the Dennison-Bjerrum model from the quan-

tum mechanics of the same system? It doesn’t

matter which way one goes. If you can get

there in one way, you can always get from there

to the other.
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Carl Henry Eckart attempted the classical path

while Eugene Wigner and Joe Hirschfelder at-

tempted the quantum mechanical one. They

did so, it seems to me, in complete ignorance

of any earlier work.
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What both want, in Eckart’s words:

It is proposed to derive the expression

for the kinetic energy of a polyatomic

molecule considered as a system of N

particles, in such a form that its rota-

tional, vibrational and coupling terms

may be distinguished.

No potential is ever explicitly specified but their

arguments are valid for any potential that is in-

variant under uniform translations and rotation-

reflections of all the particle coordinates.
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They propose to isolate the rotational motion

by means of an orthogonal transformation that

diagonalizes the instantaneous inertia tensor.

Such an orthogonal matrix can be specified by

three angles and these can in turn be used as

Eulerian angles to describe the rotational mo-

tion. The remaining motions can be described

in terms of 3N − 6 internal coordinates, which

are invariant under uniform translations and

rotations and can, it is hoped, be chosen as

normal coordinates.
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The inertia tensor for the whole system may be

separated into the sum of two parts, one that

depends only upon the centre-of-mass motion

and the other which is translationally invariant

and is expressible in terms of only N −1 trans-

lationally invariant cartesian coordinates. One

could choose N − 1 inter-particle distance co-

ordinates, for example. Let us represent this

part of the inertia tensor by the 3 by 3 matrix

I′ leaving its variable dependence implicit. We

now wish to choose the transformation matrix

such that

CT I′C = I

with I diagonal so that the problem is reduced

to principal axis form.
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Notice that I is invariant under all orthogonal

transformations of the original variables and

under all permutations of the original variables

corresponding to particles with equal masses.

This means that the Eulerian angles implicitly

defined by C will remain unchanged under all

possible symmetry operations.

With this choice the rotational coordinate space

is completely separate from the vibrational co-

ordinate space in all the region for which the

transformation exists.
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However if one uses the coordinates associated

with that transformation, to develop the clas-

sical Hamiltonian, then its rotational part looks

like:

IxL2
x

2(Iz − Iy)2
+

IyL2
y

2(Ix − Iz)2
+

IzL2
z

2(Iy − Ix)2

This is not at all what would be expected for

a nearly rigid rotor in which the terms in L2
α

should be coefficiented by the reciprocals of

2Iα. Here the operator is divergent whenever

two moments of inertia are the same. It is thus

quite impossible to describe a symmetric top

molecule in this formulation.
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It is such a severe problem that Eckart ob-

served in the abstract of his paper that

The ordinary moments of inertia ap-

pear in the Lagrangian kinetic energy

but these are replaced by other func-

tions of the radii of gyration in the

Hamiltonian. This throws doubt upon

all molecular configurations assigned on

the basis of empirical values of mo-

ments of inertia.

24



In a second paper in 1935 Eckart still continued

to use classical mechanics but began his de-

velopment by considering the potential in the

problem. In order to choose a set of axes fixed

in the molecule, he took his potential to be

such that, when described in the chosen axis

system (frame), it could be expressed in terms

of N (dependent) cartesian coordinates ri re-

ferred to the centre of mass of the system and

which took constant values ai at the minimum

of the potential.
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The coordinates must satisfy the the three

constraints
N∑

i=1

miri = 0

to be displacement independent. By expand-

ing the potential about the minimum and con-

sidering how the the rotation-reflection invari-

ance requirements may be satisfied in the ex-

panded form while maintaining the displace-

ment invariance requirements, he showed that

his frame choice could be achieved if the ri

satisfied the further three constraints, using an

obvious vector notation,

N∑

i=1

mi~ai × ~ri = ~0

provided that the ai do not define a straight

line.
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If the Eckart conditions are imposed on the

classical kinetic energy operator then, provided

that the displacements are sufficiently small,

the rotational part of the Hamiltonian becomes

exactly what was hoped for with the moments

of inertia given by those arising from the prin-

cipal axis form given to the geometrical figure

defined by ai specifying the positions of the

mass points mi.

The model obtained from the Eckart approach

matches exactly, in this approximation, the model

that Dennison put into wave mechanical form.
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Using the two Eckart conditions given above it
follows that

C = B(BTB)−
1
2

where

B =
N∑

i=1

mi(xi −X)aT
i ≡ xmaT

where xi is a 3 by 1 matrix of particle variables
in the lab frame and X is the centre-of-particle
mass.

The 3 by 3 matrix BTB is symmetric and there-
fore diagonalizable, so functions of it may be
properly defined in terms of its eigenvalues.
The eigenvalues cannot be negative but one
or more might be zero and if this is so then
the Eckart frame cannot be properly defined.

C is NOT invariant under an orthogonal trans-
formation of the original coordinates neither is
it always invariant under a permutation of the
original coordinates corresponding to particles
of identical mass.
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If we represent a particular permutation of iden-

tical nuclei by P then we can express any per-

mutation of nuclei by

x → xP

and we see that this permutation induces in B

the change

B → xPTmaT = xm(aP)T

because the permutation is of identical nuclei,

and so its representative matrix must commute

with the mass matrix. Thus the permutation

seems to act as if it changed the reference vec-

tors but these are, of course, quantities fixed

at the time of problem specification and hence

unchanging parameters once a choice is made.
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It can be shown with a bit of algebra that under

this permutation

C → CU

where the U will depend on P and will be or-

thogonal if it exists. It will in general be a

function of the internal coordinates. If U does

not exist no such permutation can be realized

in the Eckart formulation and a fundamental

symmetry of the problem is broken. In this for-

mulation, therefore, difficulties of principle not

merely of practice, could arise in incorporating

permutational symmetry into the problem.
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If U is a constant matrix, separation between

angular and internal coordinates is essentially

preserved. The most that can happen is that

the internal coordinates go into linear combi-

nations of themselves and the angular momen-

tum components go into linear combinations

of themselves. A special case of such a con-

stant matrix is if the permutation is such that

aP ≡ aP = Sa, STS = E3

then

U → ST and C → CST
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The matrix S could arise as the orthogonal

representation matrix of a point group opera-

tion on the molecular framework, for the point

group of the molecular framework is isomor-

phic with a subgroup of the full permutation

group of the molecule. The subgroup might

be the full group, but that is only rarely the

case. In general if U exists it will be a function

of the internal coordinates and so the permu-

tation will break the rotational separation.

There is nothing wrong with the transforma-

tion. It is perfectly OK. But it cannot nec-

essarily support all the permutations that are

possible.
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Mathematical and computational

developments: 1968-2000.
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The Schrödinger Hamiltonian with a geomet-

rical potential when expressed in a frame fixed

in the laboratory is invariant under all uniform

translations and under all orthogonal transfor-

mations of the N particle coordinates and so

can be studied quite generally from the view-

point of the theory of invariants and the theory

of groups.
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Starting from a space R3N in which the motion

of the particles is described, the space which is

invariant to translations is the quotient space

R3N/T(3), where T(3) is the translation group

in three dimensions. Because this group is

Abelian, the translationally invariant quotient

space is a Cartesian space R3N−3 and so it is

possible to choose a set of N − 1 translation-

ally invariant Cartesian coordinates expressed

in terms of a set of interparticle coordinates

and to separate off the translational motion

completely in terms of the motion of the cen-

tre of particle mass.
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To form from the translationally invariant set

a further set of internal coordinates that are

invariant under orthogonal transformations of

the original coordinates, it must be recognized

that R3N−3/O(3), where O(3) is the orthog-

onal group in three dimensions, though still a

quotient space, is not a Cartesian space but

simply a manifold so that it can be a Carte-

sian space R3N−6 only locally. (Clearly when

N = 2, a special case arises and it will be ig-

nored in what follows.) It is thus not possible

to construct a global coordinate system for the

manifold describing the geometrical potential.

Only local systems are possible, each R3N−6

and constituting local charts. In general suffi-

cient charts may be constructed to provide an

atlas for the whole space.
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Because, locally, any set of internal coordi-

nates can be written as a function of the scalar

products of the inter-particle coordinates, a

permutation of the particle coordinates will, at

most, send a set of internal coordinates into

a set of functions of the internal coordinates.

However such a permutation will, in general,

send an Eulerian angle into a function both

of the Eulerian angles and the internal coordi-

nates.
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Locally it is always possible to integrate out

over the angular variables and to obtain an

effective Hamiltonian for any J value, which

will consist of a symmetric matrix of of side

2J + 1, each entry labeled by a pair of internal

angular momentum quantum numbers k and

k′. The entries are operators, functions of only

the internal coordinates, but with coefficients

depending on k and k′.

The results are valid only locally and it is some-

times overlooked that permutations of identi-

cal nuclei may well undermine a particular local

formulation just as effectively as energetic in-

ternal motions.
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The Eckart Hamiltonian must therefore be the

Hamiltonian which is effective in the domain of

functions that can be adequately represented

in the internal coordinate space arising from

the manifold resulting from the chosen sepa-

ration of rotational coordinates.

This is domain is clearly only part of the full do-

main of eigenfunctions of the Coulomb Hamil-

tonian, the domain being specified by the lim-

ited permutational symmetry of the functions.
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The question that remains is: Is it possible to

construct a useful Hamiltonian in which the ro-

tational motion is separated and which can still

describe all the identical nuclear permutations

without upsetting the the rotational separa-

tion?
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