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Abstract

The Batalin-Vilkovisky method (BV) is the most powerful method to analyze func-
tional integrals with (infinite-dimensional) gauge symmetries presently known. It has been
invented to fix gauges associated with symmetries that do not close off-shell. Homological
Perturbation Theory is introduced and used to develop the integration theory behind BV
and to describe the BV quantization of a Lagrangian system with symmetries. Local-
ization (illustrated in terms of Duistermaat-Heckman localization) as well as anomalous
symmetries are discussed in the framework of BV.

1 Introduction

In the Lagrangian approach to (quantum) physics, we are given a space of fields, M, and an
action, Sp, thereon. Typically, the space of fields is an infinite-dimensional space of sections
of some field bundle over space-time. For the following to hold not only at formal level, we
assume M to be a finite-dimensional smooth manifold without boundary. Since, in this paper,
we focus our attention on various cohomology theories connected with gauge-fixing, we should
mention that aspects of local cohomology are absent if we assume M to be finite-dimensional.
We assume the action Sy to be smooth and complex-valued, with a non-negative imaginary
part.

The equations Sp; = 0, where Sp; denotes the derivative of Sy w.r.t. the 7’th coordinate
function on M, are called equations of motion, and their set of solutions, ¥ C M, is called
the shell'. A major difficulty in the calculation of path-integrals in field theory originates
in the presence of local gauge symmetries. In general, infinitesimal local gauge symmetries
do not form a Lie algebra; however, on-shell, they do. In our finite-dimensional setting, a
symmetry is given by a linear subspace, P C I'(T'M), of sections of the tangent bundle with
the following properties:

1. For all X € P,
X(S0)=0. (1)
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2. There are tensors T € A2P* @ P and E € A>P* @ T'(A*TM), with

X,Y]=T(X,Y)+dSo-E(X,Y), forall X,YeP. (2)

Furthermore, we assume that P is a finitely generated C°°(M)-module. Since, on-shell, P
is closed w.r.t. the Lie bracket, it determines a foliation of the shell. In infinite dimensions,
the leaf space of the foliation, if a manifold, carries a natural symplectic structure and is the
classical phase space of the theory (see [19]).

In field theories without anomalies, M is equipped with a formal measure, 2y, that respects
the symmetry, i.e., divg, X =0, for all X € P. Quantizing these theories means calculating
vacuum expectation values of gauge-invariant functions,

feC®(M)" = {f e C®(M)|X(f) =0,X € P},
by means of the following formal path-integral:

f f etSo/ hQO

_ M
< f>= 7f T (3)

M

Both numerator and denominator in (3) tend to diverge, due to the presence of the symmetry
generated by P, and thus expression (3) needs to be replaced by a gauge-fized version. We
must do this in such a way that the result is manifestly independent of the gauge chosen.
If the symmetry closes off-shell, i.e., if E = 0 in (2), this problem has been solved with
the help of the so-called BRST-method (going back to Becchi, Rouet, Stora [2] and Tyutin
[17]). Here we provide a brief description of this method and illustrate it with an example
at the end of this introduction. The BRST-method extends M to a graded manifold M, by
adding auxiliary even and odd fields (Lagrange multipliers and ghosts), in such a way that
all symmetry vector fields X € P are encoded in one odd vector field X on M, which, as
an operator on functions on M (BRST-operator), squares to zero: X2 = 0. For this latter
property to hold, ghosts must be introduced. Then, in (3), Sy is replaced by Sy + X (¥), for
a suitably chosen odd function, ¥, on M, and integration is extended to M. The so-called
gauge-firing fermion V¥ is a function of fields, Lagrange multipliers and ghosts, and we call it
"suitable” if integration w.r.t. the Lagrange multipliers and ghosts (the latter being a Berezin
integral) yields a finite measure on the space of orbits of the symmetry P acting on M. Due
to the fact that Sy and 2y are invariant under the symmetry encoded in X, (3) then turns into
a functional on cohomology-classes of X', which implies that a variation of the gauge-fixing
fermion ¥ does not alter the expectation value.

The BRST-method can also be formulated using anti-fields, which were originally intro-
duced by Zinn-Justin [18]: Each field, ghost and Lagrange multiplier is paired with a field of
opposite statistics (its anti-field). Mathematically, this means that M is extended to its odd
cotangent bundle

E=TT*M. (4)

The action Sy is now replaced by S := Sy + 51 with

Sy = Z A2, (5)



where the z' are coordinate-functions on M and the zg are corresponding anti-fields. (In
infinite dimensions, the sum has to be replaced by an integral.) The gauge-fixing is then
encoded in the choice of a submanifold in £ given by the equations

. 0U(z)
4= 20 (6)

where ¥ = ¥(z) is the gauge-fixing fermion introduced above. As an odd cotangent bundle,
& is equipped with the natural odd symplectic structure

w=dz'A dzg ,
and eqs (6) define a Lagrangian submanifold®, £, in £. We obtain
Sic = So+ X(¥)
and the vacuum expectation value (3) is replaced by

f feis/hQ[;

L
S 7
<f> T, (7)
L

where L is suitably chosen; ”suitable” again in the sense that it yields a finite measure on the
space of orbits of the symmetry. Note that the measure {2y in (7) must be well-defined for
an arbitrary choice of a Lagrangian submanifold £. Khudaverdian [12] calls such measures
semidensities, and Severa [15] discovered their cohomological nature. We will give a definition
of semidensities in Section 2. For the time being, we just mention that, in order to define a
semidensity, we need a measure, {1, on the even submanifold, or body, of £, and 2 and hence
the semidensity depend on the path-integral measure . Note that the BRST-operator (or
rather: an extension of the BRST-operator to functions on &) is now given by {S1,.}, where
{.,.} denotes the odd Poisson bracket corresponding to the odd symplectic structure on &,
and X? = 0 is equivalent to {S7,S;} = 0. Since Sy does not depend on any anti-fields, we
also have that {Sp, So} = 0. Furthermore, (1) implies that {Sp, S1} = 0 and thus

{S.8}=0, (8)

which is called Classical Master Equation (CME).

This reformulation of the BRST-formalism allowed Batalin and Vilkovisky [3] to treat
path-integrals with open symmetries (i.e., symmetries with a non vanishing E in (2)), which
is why the use of anti-fields in gauge-fixing path-integrals is nowadays called the BV -method.
In Section 3 we shall see that the cohomology of the co-boundary operator {Sp,.} is the
restriction of functions (of fields and anti-fields) to the shell. This is the reason why open
symmetries can potentially be gauge-fixed with the BV-method. While it is not possible to
encode an open symmetry in a co-boundary operator X on functions on M, it is often possible
to do so on £. That is, it is often possible to find an extension of the action Sy by anti-field
terms to an action S = Sy + 51 that satisfies the CME (8) in such a way that 6 = {S,.}

encodes the symmetry, i.e., for all gauge-invariant functions f € C®°(M)¥,

d(mo(f)) =0, )

2A submanifold of half the dimension of & where w vanishes.




where 7y : £ — M is a projection. If the symmetry closes off-shell, the term 57 is given by
the BRST-operator according to (5). If it is open, S; contains terms of higher order in the
anti-fields and {S1, .} does not square to zero.

In Section 3 we will see that, under a certain regularity condition on Sy, gauge-invariant
functions whose (closed) support lies outside the shell are J-exact:

ry(f) =0, suppfNEX=0=n5(f) is d-exact. (10)

Unless our system is semi-classically exact, (7) does not define a functional on §-cohomology
classes. Along with the measure €2 on the body of £ comes a third co-boundary operator. In
BV-language, the invariance of €2 under the symmetry reads

AqSt =0,

where Aq is (up to signs) the second-order differential co-boundary operator 92/ 821023 de-
pending on Q. In Section 3 we shall see that (7) defines a functional on cohomology classes
of the operator

oy =0+ ihlAq, (11)

which squares to zero if the so-called Quantum Master Equation (QME),
1
5{5, S} —ihAgS =0, (12)

is satisfied. Furthermore, we shall see that this implies that the expectation value (7) is in-
variant under Hamiltonian variations of the Lagrangian submanifold £ if f is gauge-invariant.
Since Hamiltonian variations of £ are associated with variations of the gauge-fixing, classical
symmetries survive quantization if the QM FE has a solution. If the measure €) fails to be
invariant under the symmetry-flow generated by S, that is, if AqgS # 0, we must add higher
order h-terms (”counter terms”) to S to obtain a solution of the QM E. In Section 3, we will
find cohomological obstructions to solving both the CME and the QM E. Obstructions to
solving the QM E are called anomalies since they prevent symmetries of the classical theory
from surviving quantization.
From (10) and (11) we derive the statement

o(my(f) =0, suppfNX=0= n;(f)=0py-exact + O(h), (13)

which gives rise to the perturbative expansion (in powers of h) of a path-integral around
solutions of the equations of motion. In general, such expansions do not converge. If they
terminate at finite order, we say that the path-integral localizes on the shell. In Section 3, we
will rederive Duistermaat-Heckman localization in the BV -formalism.

In order to illustrate some of the abstract concepts described above, we conclude this
Introduction with a concrete example, pure (non-abelian) Yang-Mills theory. Consider a
trivial principal G-bundle, @, over a 4-dimensional space-time, say Minkowski space M*, and,
as a space of fields, A, the connections thereon. Since () is assumed to be trivial, these are
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