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Introduction: why renormalization in configuration spaces?

@ The renormalization on configuration space has a direct
geometric interpretation allowing generalization on manifolds.

@ The Epstein-Glaser renormalization is done for the products of
fields, which also facilitates the generalization of the perturbation
theory on manifolds.

e Still this has the disadvantage to be rather complicated technically,
especially for concrete calculations.

e One of the results in this talk is an analog of the Epstein—Glaser
approach, which is entirely stated in terms of renormalization of
integrals of functions. This approach then has the additional
advantage to be independent of concrete models of quantum
fields like the @*~theory or quantum electrodynamics etc.
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Theory of renormalization maps

Preliminary definition of renormalization maps

algebra &), of R, space of
non globally defined — globally defined
smooth functions distributions

O, is an algebra of translation invariant functions of n vector arguments

and these functions one can think of as coming from Feynman diagrams.
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Preliminary definition of renormalization maps

@ We define a sequence of algebras O, Os, ..., Oy, ...

ﬁn:Span{ H Gi (xj —xk) 1 Gi(x) € ﬁz}.

1<j<k<n

x=(x",...xP) ¢ E = R?

e 0, C C*(E\{0}) - ‘the algebra of propagators”.
@ Assumption: Polynomials - &, C O, 8X£ o, C O, (axx = &)
: . [ p(X)
@ A main example: 0, = : p(x) — polynomial, N € N
(x®)"

O, = {p(x1 — Xy - XnA ;x ") : p—polynomial, N € N}
( .Hk(x/' - Xk)z)

/<
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Preliminary definition of renormalization maps

Another remark: the algebra &, consists of translation invariant
functions that are regular on the so called configuration space

Fo={(X1,....xn) €E" - x; # x (Vj#k)}.

From the point of view of the algebraic geometry: &, is the ring of
regular functions on the quasi-affine manifold that is the complement
of union of quadrics

Frc = {(X1,....%)) €CP" : (x;—x()> #0 (Vj#k)}.



Theory of renormalization maps

Preliminary definition of renormalization maps

Renormalization maps are linear maps:
Rn:ﬁn%@/(EX”/E), n=23,....
They are supposed to satisfy the following axiomatic conditions (r1)—(r4).

(r1) Permutation symmetry:

R.(6*G) = 6*Ry(G) (Vo € .77),

where 6*F(X1,...,Xp) := F(Xg,,---,Xs,)-
Convention: for every SfC N we shall define an algebra 0s = &, (n = |S|):
inite
Os = Span H ij(X/'—Xk) : ij(X) €05 .
jkeST j<k

Then Rs: Os — 2'(E°/E), Rs(G) := (6%) 'Ra(c*G),
6:{1,....,n} =S



Theory of renormalization maps

Preliminary definition of renormalization maps

(r2) Preservation of filtrations:
Scaling degree of R,G < Scaling degree of G.

The scaling degree gives the rate of the singularity for coinciding
arguments.

(r3) Commutativity between the renormalization maps and the
multiplication by polynomials:

R.(pG) = pR.G,  P=p(X1—Xn,...,Xn—1 —X,) is a polynomial.
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Preliminary definition of renormalization maps

Conventions:

Let I3 be a partition of the set S = {ji,...,jn}:

( ) ( ) ( ) equivalence relation
o000 | ---|---®--- veef| @ =
J1 J2 Ja Jk Jn ~q 0N S.

We set: Fq:; = {(X/'”...,Xjn) EESZX/' 7& Xk (Vjooqg k)}
For Gs= [l Gk(xj—xx) weset: Gs=Ggp- [l Gs,
j,keS

S'eP
j<k
where
Gp = Tl Gk(x—x«), Gs' = IT Gi(x—x).
josn k jkes’
j<k j<k

(r4) For every proper S—partition 3: F:’SGS‘ = Gp- [l Rs/Gs.
Fy S'ep

=G.

In particular: R,G
Fn
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Preliminary definition of renormalization maps

Summary:

(r1) Permutation symmetry.

(r2) Preservation of the filtrations.

(r3) Commutativity with the multiplication by polynomials.

(r4) Recursive relation: RsGs =Gy [l RsGs.
Fy S'ep



Theory of renormalization maps

Application to Euclidean perturbative QFT

We need to define products of interactions  /1(x1)---In(X,) as quadratic
forms, where  [x(x) = Wick polynomial of @(x) and its derivatives 0"¢@(x).

Decomposing by the Wick theorem
L(xq1)---Ih(xn) = Z Ga,,.. A (X1, Xn) 1 Pa, (X1) - Pa (Xp):, we set:

(h (1) In(%n))" " = Z Rn(Gay,..a,) (X1, Xp) i ®@a, (X1) - Pa,(Xn):
AprsAn

A convenient formula:

I (x4 ITexp(ZCrs X; — X) o o ):11(x1)---/n(xn):.

i<k 0Qr(X;) 0Pr(xk)

Pr(x) := 9(x), Crs(x1 —xe) 1= 05,05, (@(x1)@(xz)) -
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Preliminary definition of renormalization maps

Again:

r1) Permutation symmetry.

(r1)

(r2) Preservation of the filtrations.

(r8) Commutativity with the multiplication by polynomials.
(rd)

r4) Recursive relation: RsGs Fy = Gp- [] RsGs.

S'eP
Since ES\{0} = U Fyp thenby (r4) we have alinear map:
P is a proper
S—partition

Rs: Os — Diomy(ES\ {0}),

depending on the renormalization maps of lower degree.



Theory of renormalization maps

Primary renormalization maps

Then to construct R, we have to compose I:“x',, with a linear map
Pr: Diomp(EX"\ {0}) — 2/ (EX"),

R, = Ppo IEI’m

Op B Dl (EXM\ {0}) 225 7' (B7") .
Axiomatic conditions for P,:
(p1) P"“‘]EX”\{O} = u, i.e. P, makes extension of distributions.
(p2) Preservation of the filtrations.
(p3) Orthogonal invariance.
(p4) Commutativity with the multiplication by polynomials.
(p5) If u(x)e 2’ (EX("H")), suppu = {0} and v(y) € Zpprm, (E*™\{0}):

Py(u®Vv) = u® Pyv.



Theory of renormalization maps

Change of renormalization

If {Pn}o_o (= {Rn}i_,)and {P,}>_, (= {R}}:_,) — two renormalizations:

RsGs = Y (Rs/qg(g)id@gno)on.f.sp(Ggp I1 Qs/Gs/).
S e
—partition

Here: Qs = (P{—Ps) oRs: Os — Dso =9 [0 € ES],
S/PB:={max S’ : S’ € P}.
The change of the renormalization is characterized by a sequence
{Qn: On— P54}, Qi =1, satisfying the properties:
(c1) Permutation symmetry.
(c2) Preservation of the filtrations.
(c8) Commutativity with multiplications by polynomials.

The set of all such systems of linear maps form a group with a multiplication

QhGs= Y (o’s/m@id%_o)on.fm(qu I1 QS/GS/>.
Pisa S'ep

S—partition



Theory of renormalization maps

Change of renormalization

A key role in the derivation of the representation of the universal
renormalization group by formal diffeomorphisms on the couplings
play the formulas

RéGs = Z (Rs/q:;@ld@/mo)onfsp(Gm H st GS’) ,
Pisa S'ep
S—partition

and

i (x1) - In(xn) = H exp( Crs (35— %) a(Pra(Xj) a(Pr?Xk))

1<j<k<n
X h(X1) - Ia(Xp) 0



Outline

e Anomalies in QFT and cohomologies of configuration spaces



Cohomological equations

@ The source of the anomalies in QFT is the noncommutativity
between the renormalization maps and the action of the linear
partial differential operators:

[A,Rn| G = ARn(G) — Ra(AG) # 0

(A — linear partial differential operator).

@ By construction: [p,R,| =0.
= what remains as a source for the anomalies are the commutators

Wp.e = [ax§7ﬂn] (: [axf('an] )7 &Z (kwu)'



Cohomological equations

Applying the main formula
Rn = PnoRp.
to ®p¢ = [d,z,Rn] we obtain a decomposition,
Ope = Yog + Ope  (1>2), O = Yae,
Yz = [0 Pl oRn  (n>2),
Opz = Pro[de,Rr]  (n>2),
where (;J,,;g are determined by the recursion and

Yot : On— Do = 2'[0 € E"/E] are simpler linear maps.

Then: [axé,'ygn] - [axﬂ,yz;é] - 07
[9ye, Ymin] — [Oxn Yot
= — [axé./Pn] o} [axﬂ,én] + [aXTHPn] © [axi7;qn:| (n > 2)



Theorem.

Let n > 2 and we have a system of primary renormalization maps
Po, P3, ..., Py
(which therefore determine renormalization maps Rz, Rs, ..., Ry).

Let {Yn.¢ }¢ be defined by Py, Ps, ..., P, and {le;;g}i be a solution of

[axé,Yn;n] - [aXn)’Yn;é] = - [axg,Pn] © [aXnv ,‘.?n] + [aXnapn} © [axiahn] )

which differs from {y,.¢ }¢ by an exact solution:

'Y,;;EJ*'Yn;E): [ax‘\;von] (§:17’D(n71))’
for some linearmap Q,: 0, — .@,’,10.

Then there exists a primary renormalization map P,,, which together
with Py, ..., P,_1 determines a system of renormalization maps

Rz, ..., Rn—1 and R} and a primary renormalization cocycle
coinciding with {Yé;g}é-



Reduction of the cohomological equations

@ Animportant property of Y,z:  [x",y,:| = 0.

o It follows then that y,, ¢ has the following form

— 1)t
(@) = ¥ 0 (0 6) 80 (x),

r

where [e € 05 :={l€ 0,:IMst.T(G) = 0if Sc.d.G < M}.
@ The correspondence Y, < [, is one—to—one.
® [0, Yne] < —Theodm = dalye.
e Organizing [,z into: [, = Ye [ € Q'(07) = Op@N'R:

d[z = O, d[n - Z £n7m+1 /O\ [m (n>2)’

o) slses)



Cohomological analysis of renormalization

@ We have a natural duality:
H'(07) = (K01 (a,))
@ Recallthat &, = the algebra of regular functions on:
Frc = {(X1,....X,) € CP": (x;—x )2 £ 0 (Vj £ k)}.
Andso, H'(07) = (Hp{ " (Fn;c/(CD))/.
@ If we work instead of with &, with C*(F, /) then:
H (C*(Fo/E)*) = (o V! (F,,/IE))/ —0 for n>3.
@ l|dea: look for an intermediate differential-algebraic extension:
On C 0, C C(Fo/E),

which would trivialize the cohomologies: HP("—1)-1 (5,,) =0.



The two—dimensional case

2 1 2

@ Introducing (x',x%) < (z,w): z:=x"+ix® and w:=x"'—ix?:

On = Qlz1,...,204] [(HZ/) (H Zk))_1]

j<

® Q[wi, ..., Wp1] [(qu) (H wj — Wk)>71]

j<k

® Using Q[zi,...,2,—1] C Multiple Polylogs(z;,...,2z,—1) we set:

5{1 =
Monod-
<Mu|tiple Polylogs(z,..., 2n 1) ® Multiple Polylogs(w1,...,w,,_1)> romy

This requires an extension: @Q C Ring of multiple zeta values.

@ Problem: Q[xi,...,X,1] Kglxﬂ_1 <j£1k(xj—xk)2>_1} & O



A strategy for solving the cohomological equations

@ Recal: [,= Y Fn;gdxé, where I, : On— R,

. — 1)l
s = Pl o = L E (0r0n) 8900
2

These linear functionals I‘,,;g satisfy the cohomological equations:

d£2: 07
drn—fn[rh Z /\ I'm (n>2).
@ Assume:

3 Ky QP01 (0,) - QPD2(6,) . Kyod+doK, = id.
Then a solution of a cohomological equations is:

[h= FnoK,.
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Conclusions

@ The renormalization in configuration spaces provides a geometric
insight to the problem what are the transcendental extensions,
which we need for the function spaces that would be appropriate
for the description of the correlation functions in perturbative QFT.

@ Conjecture: the coefficients of the beta functions in any
perturbative QFT on even space—time dimensions are multiple
zeta values.
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